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ISIN UMUMI XARAKTERISTIiKASI

Mévzunun aktualh@i:Optimal proseslorin todgiqatinda on vacib
istigamatlordon  biri  zoruri sortlor nozoriyyasidir. Bu nazariyysnin
inkisafinda akademik L. S. Pontryaqinin maksimum prinsipi (optimalliq
tiglin birinci tortib zoruri sort) xiisusi doyar vo shomiyyat kosb etmisdir.
Maksimum prinsipinin isbat1 ilk dofo adi diferensial tonliklor sistemi ilo
tosvir olunan optimal proseslar ti¢iin gostorilmisdir. Sonralar Pontryaqinin
maksimum prinsipinin analoqu vo digor noticolor daha miirokkob
sistemlarlo, mosalon, gecikon arqumentli diferensial tonliklor, miixtalif tip
forg tonliklor, inteqgro-diferensial tonliklor, homginin, xiisusi tdramoli
tonliklor va s. basqa tip tonliklor sistemlari ilo tosvir olunan proseslor tigiin
alinmugdir. Bu istigamotdo L.T.Asepkov, V.M.Alekseev, S.S.Haxiyev,
K.R.Ayda-zads, A.G.Butkovski, V.G.Boltyanski,D.H.Chang,F.
A.Oliyev,Fam X1u Sak,Q.T.©Ohmodov,H.Halkin,K.Q.Hasanov,
G.L.Xaratisvili, A.D.isgondorov, M.H.imanov, F.M Kirillova, R.Qabasov,
R.V. Qamkrelidze,H.F.Quliyev,  N.N.Moiseyev, L.1.Rozonoer,
T.A.-Tadumadze, = A.S.Matveyev, K.B.Monsimov, M.C.Mardanov,
T.Q.Molikov, A.L.Propoy, M.A.Sadiqov,V.A.Srogko,
Y.O.Sarifov,V.M.Tixomirov, T.A.Tadumadze, R.Q.Tagiyev, O.V.Vasilyev,
M.H.Yaqubov,S.S.Yusubov va s. miialliflorin islorini gdstara bilarik.

Zoruri sortlor nazariyyssinds vacib mogsadlordan biri do optimalliq
tiglin yiiksok tortib zoruri sortlorin alinmasidir. Bu iso, bir gayda olarag,
moxsusi idaroedici funksiyalarin optimalliginin todqigi ilo bilavasito
olagalidir. Moxsusi idarsedici anlayisi ilk dofo L.l.Rozonoer torafindon
verilmisdir. Tlk naticalor, idaroeedici funksiyalarin qiymotlor coxlugu U agiq
coxluq oldugda Kelli (Kelley H.J.) torafindon, Ucoxlugu ixtirayi olduqda
iso R. Qabasov torafindon alinmisdir.

H.J.Kelli vo R.Qabasovun ideyalari, timumi optimal idaroetmo
mosalalorinin - todqigi  zamam1  A.A.Aqragev, R.V.Qamkrelidze,
L.T.Asepkov, A.A.Balonkin, R.Qabasov va F.M.Kirillova, K.Q.Hasanov va
B.M.Yusifov, B.S.Qox, V.V.Qoroxovik va S.Y.Qoroxovik, R.E.Kopp va
H.G.Moyer, A.Krener, K.B.Mansimov, M.C.Mardanov, T.Q.Malikov,
V.A.Srogko, IB.Vapnyarski, S.S.Yusubov vo Dbasqalar1 torafindan
imumilasdirilmis va inkisaf etdirilmisdir.

Optimal idareetma  noazoriyyasinds ham nozeri, ham do
praktiktstbiqine goro xiisusi ohomiyysto malik olan diskret optimal
idaroetma masalalarinin  tadqgigi ilo 1959-cu ildo L.l. Rozonoer masgul
olmus vo yalniz xatti masals iiciin Pontryaqinin maksimum prinsipinin
analoqunu almigdir. 1963-cii ildo A.G. Butkovski gostormisdir ki,
Pontryaginin maksimum prinsipinin analogu geyri-xotti diskret idaroetmo
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mosalalori iigiin ononavi sortlor daxilinde imumiyystlo dogru deyildir.
Diskret optimal idarsetmo masalalorinin  belo xarakterik xiisusiyyati
todgiqatcilarm bdyiik maragma sobob olmusdur. Ik dofo H.Halkin vo
homginin, A.I. Propoy miimkiin siiratlori ¢oxlugu qabariq olan geyri-Xatti
diskret optimal idaroetmo mosalalari iigiin diskret maksimum prinsipinin
dogrulunu isbat etmislar.

Sonralar, tadgigatlar osason, iki istigamotdo aparilmisdir. Birinci
istigamatds yuxarida geyd etdiyimiz gabariqliq sortini zaiflodorok, diskret
maksimum prinsipi vo moaxsusi (maksimum prinsipi monada) idarsedicinin
optimallig1 iiciin zoruri sortlor alinmusdir. ikinci istigamotds iso osason
Xattilogdirilmis maksimum prinsipi, Eyler tonliyinin analoquva ikinci tortib
zoruri sartlar hamcinin, kvazimoxsusi idarsedicinin optimalligi ti¢iin zaruri
sortlor alinmigdir.

Qeyd edoak ki, bir ¢ox todgigatcilar, masalon, A.S.Matveyev, Fam
Xm Sak, G.L.Xaratigvili va T.A.Tadumadze, M.C.Moardanov va
T.Q.Moalikov torofindon alinmig naticalorin tohlili gostorir ki, gecikmaya
malik idarsedici funksiyalarla ifado olunan kosilmoz vo diskret optimal
idaroetmo mosalalori xarakteriq xiisusiyyotloro malikdir vo onlarin otrafli
oyranilmasi tliglin yeni daha mitkommol todgigat tisullarina ehtiyac vardir.
Hoamginin,cox sayli praktiki tatbiglori olmasina baxmayaraq belo masalalor,
mosalon, faza doyigoninds gecikmoys malik olan optimal idaroetma
mosalalori ilo miiqayisede az todqiq olunmusdur. Biitiin bunlara goro
gecikmoys malik idarsedici funksiyalarla ifads olunan kasilmoz vo diskret
optimal idareetmo masalalarinin 6yronilmasi bugiin do aktualdir.

isin maqgsadi:Gecikmasi olan idarsedici funksiyalara malik kesilmoz
vo diskret sistemlordo verilmis idaroetmoa moasalalorinds optimalliq tigiin
birinci vo yiiksok tortib yeni vo daha konstruktiv zoruri sortlorin
almmasidir.

Umumi tadgigat iisullari. Isdo gecikon arqumentli diferensial
tonliklor nazariyyasinin, forq tonliklar nazariyyasinin va optimal idaroetmo
nazariyyasinin bazi iisullarmdan istifade olunmusdur.

Elmi yeniliklor. Isin osas elmi yeniliklori asagidakilardr:

o gecikmosi olan idarosedici funksiyalara malik diferensial tonliklor
sistemi ilo tosvir olunan optimal idarsetmo masalslorinds Pontryaginin
maksimum prinsipinin giiclondirilmis analoqu vo maksimum prinsipi
monada maxsusi idarsedicinin optimallig1 ii¢iin R.Qabasov tipli zaoruri sort
almmusdir;

o homginin klassik monada moxsusi idarsedicinin optimalligi ti¢iin
daha timumi halda Kelli tipli vo baraborlik formasinda zoruri sortlor
almmusgdir;

o gecikmosi olan idaroedici funksiyalara malik diskret tonliklor
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sistemi ilo verilmis mosolalordo miimkun idareedicinin optimallig1 ti¢iin
Hamilton-Pontryagin funksiyas1 ilo ifado olunmayan vo masalanin
molumlarindan hamarliq, qabariqliq tipli forziyalor tolob etmadon yeni
zoruri sartlor alinmisdr.

) homginin diskret masalalorde Eyler tonliyinin vo Xottilosmis
maksimum prinsipinin giiclondirilmis analoglart alinmigdir. Funksionalin
ikinci variasiyasina osason ikinci tortib zoruri sortlor hamcinin,
kvazimaxsusi idaraedicinin optimallig1 ti¢lin zoruri gort alinmusdr.

Isin nazori vo praktiki ahamiyyati: Artim iisuluna osaslanaraq
gecikmoayo malik idarsedici funksiyalarla ifads olunan kasilmoz va diskret
proseslorin optimal hoallinin tapilmasi ligiin yeni todgigat sxemlori togdim
olunur. Naticads optimalliq {iglin yeni, daha giiclii vo konstruktiv olan
birinci vo yiiksok tortibli zoruri sortlor alinmusdir. Is nozari xarakter dasiyzr.
Lakin onun naticalori miixtalif toyinatli texnoloji proseslorin, igtisadiyyatin,
sanayenin va digar moasalalarin optimal holli zamani istifads oluna bilar.

Isin aprobasiyasi:Dissertasiya isinin noticolori Riyaziyyat vo
Mexanika Institunun 55 illiyino hosr olunmus “Riyaziyyat vo Mexanikanin
aktual problemlari” adli beynoalxalq elmi konfransda (Baki, 2014), “Riyazi
analiz, Diferensial tonliklor va onlarin totbiqi” adli 7-ci beynalxalg elmi
konfransda (Baki, 2015), AMEA-nin Riyaziyyat vo Mexanika Institutunun
toskilat¢iligi ilo “Qeyri-harmonik analiz vo diferensial operatorlar” adli
beynalxalg elmi seminarda (Baki, 2016), “Riyaziyyatin Tatbigi vo Nozori
Problemlari” adli beynalxalq elmi konfransda (Sumgqayit, 2017),AMEA-nin
miixbir tizvii prof. Q.T. ©hmadovun 100 illik yubileyino hosr edilmis
“Riyaziyyat vo Mexanikanin aktual problemlori” adli beynolxalq elmi
konfransda (Baki, 2017),AMEA, Riyaziyyat vo Mexanika Institutunun
“Optimal idaroetmo” sobasinin elmi seminarinda (rohbor AMEA-nin
miixbir iizvii prof. M.C. Mordanov ), AMEA, Idaroetmo Sistemlori
Institutunda 2.1 sayli “Idaroetmonin riyazi mosalalori” laboratoriyasinin
seminarmda (rohbor AMEA-nin professoru 1.Q. Mommodov) vo Baki Ali
Neft Moktobinin, Neft-qaz miihandisliyi kafedrasinin seminarlarinda
moaruzs edilmisdir.

Cap olunmus elmi asarlar: Dissertasiyanin naticslori misllifin ¢ap
etdirdiyi 11 elmi iginds 6z oksini tapmugdir [1-11].

Dissertasiyanin hacmi va strukturu: Dissertasiya isi giris, iki fasil
Vo 111 adda odobiyyat siyahisindan ibaratdir. Dissertasiyanin hacmi 118
sohifadir.

ISIN 9SAS MOZMUNU
Girigsdo igin aktualligi gostorilir, dissertasiya isi ilo slagodar olarag
moalum naticalorin  xiilasasi verilir vo dissertasiyanin qisa mozmunu sorh
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olunur.

Birinci fasilda kecikmoya malik funksiyalarla idaro olunan vo adi
diferensial tonliklor sistemi ilo tosvir olunan Mayer tipli asagidaki optimal
idaroetma mosalasi todqiq olunur:

S@0) =o(x(t) > min (1)

x(t) = f(x(®),u(®),u(t —h),0),t €1 :=[to, t1], x(t0) =%, (2)
u(t) € U(t) € R",t€ I, := [ty — h, ty]. 3)

BuradaR” — r-6lciilii Evklid fozast vo R! := R:= (—o0,+); x €

R™ faza doyisoni, u € R" idaroedici doyisoni, x, € R™, ty,t; €
Rvah >0 qgeyd olunmus noqtalordir belo ki, to + h < ty; @(x):R" -
Rva f(x,u,v,t):R™ X R" X R" X I - R"verilmis funksiyalardir;

Uit)=V,telva Ult)= W,t€e [t,—h,ty), belo ki, V c R,
W c R" verilmis coxluqlardir.

C*([a,b],R") ilo hisso-hisso kesilmoz c(t):[a,b] —» R"va har bir
kasilma noqtasinds sagdan kasilmoz olan (b-ndqtasinds soldan kasilmoz)
funksiyalar coxlugunu isaro edok.

C*(I,,R") coxlugunun (3)sortini &doyon hor bir u(-) elementi
miimkiin idaraedici adlanir. (2) sisteminin u(:) miimkiin idaroedicisina
uygun olan x(-) holli miimkiin trayektoriya, (u(-),x(-)) ciitii iso miimkiin
proses adlamr. Ogor u’(-) miimkiin idareedicisi (1)-(3) mosalasinin
hallidirse, onda u°(-)optimal idarsedici, u°(-)-a uygun olan x°(t),t €
Ioptimal trayektoriya, (u®(-),x°(-)) ciitii iso optimal proses adlanur.

Forz olunur ki, (2) sisteminin har bir miimkiin idarsediciys uygun
olan miitlaq koasilmoz hallil parg¢asinda toyin olunmusdur.

Birinci fosil iki bolmodan ibaratdir. Birinci bolmonin asas naticasi
Kimi (1)-(3) mosolosinds  maksimum  prinsipi  monada MoXxsusi
idaroedicinin optimalligi {igiin R.Qabasov tipli zoruri sort alinmigdir. Bu
bolmads yeni tadgigat sxemi totbiq edoarak (1) funksionalinin artimi {iglin
ikinci tortib ayrilis diisturu alinmus (bax dissertasiyada (1.25)) va hamin
diisturdan istifads edorok asagidaki teoremlor isbat olunmusdur.

Teorem 1.1 (Pontryaginin maksimum prinsipinin analogqu) Forz edok
ki, (), @x(), f() Vo fi(-) kosilmoz funksiyalardir. Onda (u®(-), x°(-))
miimkiin prosesinin optimal proses olmasi iigiin agsagidaki borabarsizliyin
dogrulugu zaruridir

X(Q)A(ﬁ'uO(g_h))H(Q) + X(Q + h)A(u0(9+h),ﬁ)H(9 + h) <0. (4)
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Burada yx(-) funksiyast [t,t;) coxlugunun xarakteristik funksiyasidir,
H@, x,u,v,t) := YT f(x,u, v, t) iso Hamilton-Pontryagqin funksiyasidir;
A( H(6)

= O O, B u(t = 1), 0)
—f(x°(6),u’(©),u’(6 — h), )],
A(uo(Hh)ﬂ)}H(e + h) ifadasi analoji olaraq tayin olunur;

PO(t) = —H, (@°(t), x°(t), u’(t), u®(t — h), t),t € I,

PO(t1) = = (x°(t1)).

Qeyd edok ki, (4) optimalliq sarti bagqa tisulla ilk dofaG.L.Xaratisvili
vo T.A.Tadumadze torofindon alinmisdir.

Sonra
U°() ={a@® e U(t), t €l f(x°@®),a(0), ot — h),t) —
fEO@®),u’@),u’(t —h),t) =0, t € [to,t1], A(t) € C*(In, R}
coxlugunu daxil edorok Teorem 1.1-in yoni Pontryaginin maksimum
prinsipinin  giiclondirilmis varianti verilmisdir (bax dissertasiyadateorem
1.2 vo misal 1.1).

Malumdur ki, (4) maksimum prinsipi bir ¢ox optimal idareetmas
masalalarinds cirlasir va (1)-(3) masalasinds hatta lokal minimumlug sartini
tomin etmir. Bu halin tadqiqi ilo alagadar olaraq asagidaki torifi daxil edok.

Torif 1.1Forz edok ki, a)u®(-) miimkiin idaroedicisi (4) sortini
odayir, b)elo B* > 0 odadi, 6™ € [ty — h, t;] ndqtasi vo Uy(6*) € U(6*)
¢oxlugu var ki, asagidaki baraborlik dogrudur:

X(t)A(ﬁ,uO(t—h))H(t) + x(t+ h)A(uo(Hh)'ﬁ)H(t + h) =0,

vVt € [0%,0" + B%), Viie Uy(67),

burada Uy(8*) \ {u°(6*)} # @. Onda u®(-) idaroedicisi 6* ndqtesindo
Up(8*) coxlugu ilizro moxsusi (maksimum prinsipi monada) idaroedici
adlanir.

Teorem 1.2 Tutaq ki, ¢(-) vo f(-) funksiyalari vo onlarin
Ox (), O3 (), fr (O, fex () xiisusi toromalori kasilmozdirlor. Homginin,
forz edok ki, (u°(-), x°(-))optimal prosesdir, bels ki, u°(-) idarsedicisi
6*ndqtasinds Uy (6) ¢oxlugu iizro moxsusi (maksimum prinsipi manada)
idaroedicidir. Onda elo B* > 0 ododi var ki, ixtiyari 6 € [6%,0" + *] v
ixtiyari @ € Uy(6%) liglin asagidaki borabarsizlik dogrudur:

Tl (e—n))

x(@IMO[p(6),p(6)1(6,6,%) + 2x(0)x(6 + WM°[p(8),q(6 + h)]1(6,6 +
h, @) + x(@ + HM°[q(8 + h),q(0 + h)](6 + h,6 + h, i) < 0,
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(%)
M°[p(&), am](&,n, )
— Ap(f)fT(f)l[JO(f, U)Aq(n)f(n) + Ap(f)fT('S)AT('E’ n)Aq(n)Hx(n)! (El 77) € D,

O’ ('S!n) € D)
buradaD := {(s,7):ty, < s <1< t;},

p() = (&,v°(), v’ =u’¢ -h), q@m =@, n),

Apf(§) = f(x°(), &u’(§ — h),§)
— (O )uE - )9,

A f @) = FO ), u® (), @,n) — f(x°m), u® (), u(m — h),m),

AgepHx () = H @), x° (), u® (), @, 1)
— H, %), x° (), u® (), u’(n — h),n).

ty
wO(s,7): = f A7 (s, O Hy (A(T, E)dt
LN (5, )P A ), (5,7) € D,

A(s, t)matris funksiyasi asagidaki sistemin hollidir

{At(s, t) = f,,(x°(®),u’(®),u’(t — h),t )A(s,t), to<s<t<ty,
A(s,s) = E,E —n X n 6l¢ili vahid matrisdir.

Qeyd edok ki, (1)-(3) masalosindo h =0 oldugda (5) optimalliq
sortindon R. Qabasovun sarti alinir.

Oxsar naticalor miixtolif gecikon arqumentli diferensial tonliklor
sistemlari ilo verilmis optimal idaroetma masalalori tiglin (baslangic
coxlugda idarsedici funksiyalar geyd olundugda) miixtalif tsullarla Q.T.
Ohmodov, T.Q. Malikov vo K. Q. Hossonov, K.B. Moansimov, M.C.
Moardanov, V. Y. Quliyev, S.S.Haxiyev, V.A. Srocko toarafindon alinmigdir.

Sonraki alt bolmads, yoni 1.1.4 alt bolmesinds k tortibli (k= 1)
cirlasan moxsusi idaroedici anlayisi verilmis vo onun optimalligi iiciin
zoruri sort alimmigdir (bax dissertasiyada torif 1.3 vo teorem 1.4).

Sonuncu alt bolmads, yoni 1.1.5 do, birinci bdlmonin naticalarinin
effektivliyini gostaran misallar verilmisdir.

Birinci foslin ikinci bolmasinds (1)-(3) mosalosinin tadgigi davam
etdirilir. Bu bélmads Klassik monada maxsusi idarsedici anlayisi verilmis
Vo onun optimalligr tigtin Kelli tipli vo barabarlik formasinda zoruri sortlor
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alinmgdir.Burada (u°(+),x°(+)) prosesinin optimalligmin todqiqi zamani
asagidaki forziyyolordan istifads olunur.

(BDe(), f() funksiyalar: vo onlarin ¢, (), 9xx (), (), f22(). (z €
{x,u,v}) xiisusi toromoalori kasilmozdirlar;

(B2) f(-) funksiyast R™ X R" X R" X I -do tglincii tortib kosilmoz
diferensiallanan funksiyadir;

(B3)W vo V aqq coxluglardir va U, € W,U; c V, burada U, :=
fu=ut):telty—hty)}h U ={u=ul):te I}

(B4) u°(t) € C* (I, R).

Lemma 1.1 Forz edok ki, (B1) vo (B3) forziyyalori 6donir. Onda u°(t),
t € I, mimkiin idaroedicisinin optimalligi tg¢iin asagidaki sortlorin
odonilmasi zaruridir

x®H, () +x(t+h)H,(t+h)=0, VteI, (6)

U[x(t)Hy, (t) + x(t + WH,,(t + h)]a < 0,Vt € I, Vii € R, (7)

burada H(t) = H@°(t), x°(t),u’(t), v°(t),t),
H,(£) = H,(° (&), x° (@), u’(6),v° (t), 1),
Huv(t) = Hyv(lpo(t)ixo(t)fuo(t)fvo(t)f t), wv € {x, u, U}.
Qeyd edak ki, (6) vo (7) uygun olaraq Eyler vo Lejandr-Klebs sortlorinin
analoqlaridir.

Torif 1.2Tutaq ki, (u°(-),x°()) prosesi boyunca (6), (7) vo
rang[x(t)Hy, (t) + x(t + H,,(t+ h)] =r, <r, VtEI, sortlori
ddonir. Onda u°(+) idaroedicisi klassik manada moxsusi idaroeedici adlanir.

Forz edok ki, u = (p,q)T,v = (#,§)7, belo ki, p,p €ER™, q,G €

R™ Vo 1y+7 =r. Homginin, forz edok ki, u®(:) idaroedicisinin
moxsusiyyati p komponentina géradir, yani

X(OHpp(t) + x(t + WHps(t +h) =0, VLE I, (8)

barabarliyi 6danir.

Teorem 1.3Tutaq ki, (B2)-(B4) forziyyalori 6donir vou®(t), t € I, (8)
sortini  odoyan  Kklassik monada moxsusi idarsedicidir.  Onda
(u®(-), x°(-))optimal prosesi boyunca asagidak: miinasibatlor dogrudur:

x(®)Qolp](®) + x(t + h)Qo[PI(t + h) = 0,(9)

§"(xOL1[p1(®) + x(t + WL [BI(t + W)§ + 2 &7 (x(OP1[p, q1(®) +
X(t+ WPy [B,G1(E + W) — 7 (X(O)Hgqg(8) + x(t + W) Hag(t + 1)) 1 2 0,
(10)



vVt € [ty — h,t;),Vé € R™, Vn € R™,

Burada L, [u](7) = —gg(gﬂ] (D) Hxx () go[1](x) + 291 (1] (T) Hyey (7)
+ dt (gg; [u] (T)qu (),

Pi[p, q(1): = Hyp () f5(1) — g8 [P1(£) Hyq (1),
P[P, q1(t + h): = Hys(t + W) fz(t + h) — gg [P1(t + h)Hyg(t + h),

Qol1](®): = g [l Hyu (7) — Hyu (1) go 1] (@),

d
Golul(@®) = £,(x), g1[ul(@) = £ (D) golul () — 290 [u](©),

te{t,t+h},ucepp}

Qeyd edak ki, (9) va (10) optimalliq sartlari malum olan barabarlik vo
Kelli tipli optimalliq sortlorinin analoglaridir. Eyni zamanda, agar (1)-(3)
mosalasinds [ty — h,ty) baslangic c¢oxluqda idarosedici funksiya geyd
olunarsa, yoni verilmis bir funksiyaya borabor olarsa, onda (9) vo (10)
optimalliq sartlorinden M.C. Mardanov va T.Q. Malikovun uygun naticalari
alinir,

ikinci fasildo gecikmoyo malik funksiyalarla idars olunan vo forq
tonliklor sistemi ilo tosvir olunan Mayer tipli asagidaki optimal
idaroetmamasalasine baxilir:

S(u()) = cb(x(tl)) - rl?(igl, (12)

x(t+1) = fx(@),ut),ul —h),t), tel:={ty,to+1,..,t; —1},
x(to) = xO' (12)
u(t) eU(t) SR, t€fty—h,..,tg ....t; — 1} =1 1}. (13)

Burada x € R™ faza doyisoni;u € R" idaroedici doyison;x, €
R™ ty, t; € R, h € {1, 2, ... Juygun olaraq vektor vo adadlor olubt; — t, >
h; U(t), t € I, verilmis ¢oxluglardir;@(x) : R® - R va f(x,u,v,t) :
R™ X R" X R" X I - R™ verilmis funksiyalar olub @(-) va har bir ¢t tiglin
f (-, t) funksiyalar1 kasilmozdir.

(13) sortini  6doyan har bir u(t),t € I, funksiyast  miimkiin
idaraediciadlanir. 9gor x(t),t € I U {t;} funksiyas1 (12) sisteminin

u(t), t € I, mimkiin idarsedicisino uygun hallidirss, onda (u ('),x(-))
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ciitli miimkiin proses adlamr. Ogor u°(-) (11)-(13) mosalasinin hallidirss,
onda u%(-)optimal idarasedici, (12) sisteminin ona uygun olan x°(-) halli
optimal trayektoriya, (uo ), x°(-)) iso optimal proses adlanir.

Ikinci fasil ii¢ bolmodon ibarotdir. Birinci bolmonin asas naticalori (12)
sisteminin spesifik xisusiyyatlorini nozoro alarag (11)-(13) mosoalasinin
molumlarindan hamarliq vo qabariqliq tipli forziyyslori tolob etmodon
optimalliq Giglin asagidaki yeni, lakinHamilton-Pontryaqin funksiyasi ila
ifado olunmayan zoruri sortlordir.

Teorem 2.1 Farz edok ki, (uo (-),x"(-)) optimal prosesdir. Onda hor
biri € {0, 1, 2}ii¢iin
@ (x0(t) + 20 (t3;0,v) ) — & (x°(t1)) 2 0, (14)
v(6,v) el; x U(H)

boraborsizliyi dogrudur. Burada z®(t;;6,v), i € {0,1,2} asagidaki
sistemlarin hallaridir:

j 2O+ 1;0,v) = f(x°@) + 29t 0,v), u(£), u’(t — h), t) — £ (1),
te{fd+h+1,..,t —1}

2O +h+1;0,v) = Agosnypyf(O@ +h), 0 €ly={tg—h,..,to — 1},

l zO(t;0,v) =0, t<6O+h,

( zW@+1;0,v) = f(xo(t) + zD(t; 0, v), u®(t), u®(t — h),t) - f(®),
te{fd+h+1,..,t -1}

zZWO+h+1;0,v) = f(x°0 + h) + 2P0 + h; 6,v),u’(0 + h),v,0 + h)

—f(6+h),

) zZW(E+1;0,v) = f(x°@) + z0(@), u’(@®), ul(t — h),t) — f(2),
te{d+1,...,0 +h—1}

zZWO+1;0,v) = Ayoo-npf (@),  0€l ={to,to+1,..t —h—1},
zW(;6,v) =0, t<6,
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(2Bt +1;0,v) = F(x°) + 2P (60,v),u’(©), u’(t — h), t) — f(O),
te{f+1,..,t,—1}
2P0 +1;0,0) = A u00-myf(6),  B€L={t; —h..t; =1},
z@(t;0,v) =0, t<80,

D04y (O +B):= F(x°(0 + h), u’(8 + h),v, 0 + k) — £(0 + h),

By (o) (0) = Fx°(0), v, (8 — ), 0) ~ f (8).

Goriindiiyl kimi (14) optimalliq sorti, diskret optimal idaroetma moso-
Ialorinin halli {iglin moalum olan zoruri sortlordon forqli olaraq daha genis
totbiq sferasina malikdir. Sonra, (14) optimalliq sortindon Hamilton-
Pontryaqin funksiyasi ilo ifade olunan optimalliq sortlori alinmigdir (bax
dissertasiyada notico 2.1 vo 2.2) va gostarilmisdir ki, ¢ox sayli optimal
idaroetma moasalolorindon forgli olaraq (11)-(13) mosolasinde @(x) =
cTxvo f(-) funksiyas1 faza doyisonino nozoron xotti oldugda da
Pontryaqinin maksimum prinsipinin analoqu onun ii¢lin homiss dogru
olmur (bax dissertasiyada misal 2.1).

Ikinci foslin ikinci bélmesindo (11)-(13) mosslosinin xiisusi halina
baxilir va forz olunur ki, (12) sistemi gecikmaya malik deyil, yani f(-) =
f(x,u,t), h=0. Bu bolmads, 2.1 bolmoasindaki todqiqat tisulundan
istifado edorok daha giiclii vo konstruktiv zoruri sort vo onun effektiv
naticolori alinmisdir.

Teorem 2.2Forz edak ki, (uo (-),xo(-)) miimkiin prosesdir. Onda:

(@) u°(-) miimkiin idarsedicinin optimallig1 ii¢iin asagidaki borabor-
sizliyin dogru olmas1 zaruridir:

D(x0(ty) + z(t1; 0, x% @, i) — @(x°(1)) = 0, (15)
vi() e Ux°(MI@), t € LYa=(0,v) € I\ {t; — 1} x U(0),
Va, = 0k V) €{01,0,,..} x U(Oy);
(b) agor:(1)I ¢oxlugu iki néqtadon ibarat olarsa, yani I = {t,, t, + 1},
t; =ty +2; (2) (15) borabarsizliyi, mosalon a=u%C)
boyuncabiitin @ = (to,v) (v € U(ty)) Vo a; = (to+ 1,9 (T €
U(ty + 1)) iiciin dogru olarsa, onda u°(t),t € I, optimal
idaroedicidir.
Burada

Ulx’OI®) ={B e U®: f° (), 0 1) = f° (O, u’(®),0)}, tEeL
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z(t; 4, x° a, ay), t € {6, 6,, ..., t; Hunksiyas1 asagidaki sistemin hallidir:
z(t+ 14, x% a, ap) = f(x°(@) + z(t; 4, x°, a, ap), u®(t), t) — F(x°(t), u’(t), t),
t € {041, 042, -3 N,
2(0p; 1, x°, @, ) = f(x°(Oy) + 2(6y; 0, x°, @), T, 0,) — f(x°(6y), u® (6, 6i),
t=0,€l,
z(t+ 1;4,x% a) = F(x°(6) + z(t; 4, x°, @), 4 (L), t) — F(x°(t), u’(b), t),

t €{04,6,,..,0,_1301I,
z(0,;1,x% a) = 4, (x°(6),u°(6),08), 6 €1

Sonra (11)-(13) masalasinin bazi xiisusi hallarina baxilir:
@ f() =A@, t)x + b(u,t),®() =c’x + x"Dx, x € R™;
(o) f() =A(u, )x + b(u,t),®(-) = cTx, x € R™;
© fO)=A4Awt)x+bu,t),®() =cTx+|d"x|, x € R™

Noticada (15) optimalliq sortindon konstruktiv olan optimalliq sortlori
almmusdir (bax dissertasiyada notico 2.4 — 2.5). Alinmis zoruri sortlorin
effektivliyi misallar vasitosilo gostorilmigdir (bax alt boliim 2.2.3).

Ikinci foslin son boliimiinde (11)-(13) mosalesinin todgigi davam
etdirilir. Burada Eyler tipli vo ikinci tortib zoruri sortlor, homginin
Xottilogsmis diskret maksimum prinsipi vo kvazimoxsusi idarsedicinin
optimalligi Ugln zoruri sort almmusdir. Todgigat zamani asagidaki
forziyyslar gobul olunur:

(C1) her bir t € I igiin f(-,t) vo onun f,(-,t), ¥ € {x,u, vixiisusi
toromasi koasilmoaz funksiyalardir, homginin@ () funksiyasi birinci tortib
kasilmoz diferensiallanandir;

(C2) harbirt € Iiigiin f(-,t), f,( 1), fy (1), ¥ € {x,u,v}vo
D(+), Dy(+), Dy, () funksiyalart kasilmozdirlor;

(C3) har bir t € I, tigiin U(t)ag1q ¢coxluqdur;

(C4) hor bir t € I, tigiin U(t)qabariq ¢coxlugdur.

Bu forziyyslordon istifado edarok yeni todgigat sxeminin tatbigi ilo
asagidaki teoremlor isbat edilmigdir.

Teorem 2.3Tutag ki, (Cl) va (C3) forziyyalori o6donir va
(u®(-), x°(-))optimal prosesdir. Onda (@(t),a(t —h)) € U[x°(D](D), ¢t €
I, sartini 6dayan har bir @i(-) miimkiin idarsedicisi va ixtiyarié € I, lciin

x1(6)Hy (6; ) + x;(6 + hH, (6 + h; 1) = 0 (16)

baraborliyi dogrudur, buraday;(-) funksiyasi I ¢oxlugunun xarakteristik
funksiyasidir; H(, x,u,v,t) = YT f(x,u,v,t),
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H,(t; 1) = Hﬂ(lﬁ(r),xo(r),ﬁ(r),ﬁ(r —h),7),T€lueE{uv}
P(t), t € Ifunksiyasi asagidaki sistemin hallidir:
Dt = 1) = f(6EDPE), P —1) = =D (2(ty)), (17)
f(6D) = £ @), ), 4t — h),b).
Teorem 2.4 Tutaq ki, (C2) vo (C3) forziyyslori odonir vo
(uo (-),xo(-))optimal prosesdir.
Onda (@(t), 4t — h)) € U[x°()](t), t € I, sortini 8doyan hor bir @(-)
miimkiin idarosedicisi vo ixtiyari(0, i) € I, X R" ii¢iin
a'L(6;a()a <0 (18)
barabarsizliyi dogrudur.
Burada

Ulx°()](©®) = {(u,v)
€ U)X U(t —h): f(x°(t),u,v,t)
— f(x°(0),u’(®),u’(t — h),t) = 0L, t € I;

L(6; 20)) = 1O WI(6) + 21,6 )@ + ) x
X M[u,v](8,08 +h) + x;(6 + K)I'[v](6 + h), (19)

Flpl®): = £ (6 DP ), (t; 1) + Hyp (D), p € {u, v}t € 1,
M[u,v](6,6 + h):
= 7 6;0)Z7(6
+h O[O0+ hDPO +h) x f,(0+h 1)
+ Hy(0+ 1)), 0 € {tg,....t; —1—h},

) (Dt —10) O+ ;1) tEO+1, ..t — 1},
2+ 1,6)= { E, t = 0 (E vahid matrisdir),
Hue (60) = Hue (P(0), x°(0), a(0), 4t — h),t),t €1, & € {x,u,v},

P(t),t € Ifunksiyasi(17)sisteminin hollidir, Z(t),t € I matris funksiyas
iso asagidaki sistemin hallidir:

~ Pt-1=£fEDPOf (D) + Hy(60),
Y, —1) = _(pxx(xo(tl))-

Teorem 25 Tutaq ki, (Cl) vo (C4) forziyyalori 6danir
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v:;(uo (-),xo(-)>optimal prosesdir. Onda (A, a(c—h)) €

Ulx°()](t),t €I sortini 6doyon hor bir () miimkiin idaroedicisi vo
ixtiyari(0, %) € I, X U(0) tgiin

[ (O)H (6; %) + x, (6 + WHY (6 + ks W](& —2(0)) <0 (20)
borabarsizliyi dogrudur.

Torif 2.1. Forz edok ki, (@(t),a(t—h)) € U[x°(:)](¢), t € Isortini
6dayan har bir #@i(-) miimkiin idarsedicisi ti¢iin (20) optimalliq sorti 6danir.
Ogor 6 € I, nogtasinds vo Uy(0) € U(O), Uy(0) \ {ti(6)} # @ sortlorini
6dayan U, (6)coxlugunun ixtiyari % elementi ti¢iin

D0 (OHE (6; ) + 1, (6 + WHL (6 + b w)](@ — 2(0)) = 0

borabarliyi dogrudursa, onda #(-) miimkiin idaroedicisine® noqtosinda
Uy (0) coxlugu tizro kvazimaxsusi idaraedici deyacayik.

Teorem 2.6Tutag ki, (C2) vo (C4) forziyyslori 6danir VQ(uO (-),xo(-))

optimal prosesdir. Ogor #(-) miimkiin idarsedicisi 8 noqtesinds  Uy(0)
coxlugu tizra kvazimoxsusi idarsedici olarsa, onda

(i — 2(0)) L(6;20)) (& — 2(0)) < O,VEL € Up(8)  (21)
borabarsizliyi dogrudur, burada L(-;(-)) funksiyast (19) vasitasi ilo toyin
olunur.

Qeyd edok ki, (16) optimalliq sorti Eyler tonliyinin analoqudur, (20)
optimalliq sorti(11)-(13) mosaloasi tigiin Xottilogdirilmis diskret maksimum
prinsipidir, (18) va (21) optimalliq sartlori iso R.Qabasov tipli ikinci tortib
zoruri sartlordir. Sonuncu 2.3.5 alt bolmasinds gostorilmisdir ki, (16), (18),
(20) vo (21) optimalliq sortlori Fam Xiu Sakin uygun noticalorinin
imumilogmis va giiclondirilmis variantlaridir.

Sonda elmi rohbarim omokdar elm xadimi, AMEA-nin miixbir {izvii
prof. Misir Mardanova mosoalonin goyulusu vo igin yerino yetirilmosinda
dayarli maslohatlorine gora darin minnatdarligimi bildiriram.
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CAMMH TEJIMAH orast MAJIMK

HEOBXO/JUMBIE YCJ0OBUA OITUMAJIBHOCTHU B
HEKOTOPBIX CUCTEMAX C 3AIIA3/IBIBAHUEM

PE3IOME

HuccepranmonHast paboTe COCTOMT M3 BBEIIEHUS U IBYX TaB.B mepBoi
IJIaB€ HCCIEeNyeTCsl 3aJadd ONTHMAJIBHOIO YIPABJICHHUS OIMCHIBAEMBbIC
cucremMamu auddepeHIHaNbHBIX YpaBHEHMHA C  3ama3[blBaHHEM B
ynpasnennd. [Ipenyaras HOBYIO cXxeMy BBIBOJa HEOOXOJMMBIX YCIIOBUH
ONTUMAJILHOCTH HOIYYEHBI CIIEIyIOLNEePe3yIbTaThI:

- OJMH YCWIECHHUH BapMaHT aHajora NpUHIUNA MakcumyMa [loHTpsruHa;
- HeoOXOAMMBIC YCIOBHS ONTUMalbHOCTH Tuna P.I'abacoBa st 0coObIx

(B cMpICIIe IPUHITUTIA MAKCUMYyMa) YIIPaBIICHUH;

- HCO6XOI[I/IMI)IC YCJIO0BUA  OINTUMAJIBHOCTHU  TUIIA Kemmm wu Tuma
paBeHCTBa ISl 0COOBIX ( B KJIACCHYECKOM CMBICIIE) yIIPaBICHUN.

B BTOpOii TaBe B gucCcEpTAIMOHHON pabOTHI HCCIETyeTcsl 3alaqd
OINITUMAJIBHOI'O  YIIPABJICHUA  OIMUMCBIBAEMBIC CUCTEMaMU  OUCKPETHBIX
YpaBHEHUH ¢ 3ama3AbIBAHUEM B YIIPABICHHU.

3mecb € IOBOJIBHO  OOIIMMH  HCXOAHBIMHM  JaHHbIMH  (6e3
NPEIOJIOKEHUI TUTIA BBITYKIOCTH U TJIQJAKOCTH) U, YIUTHIBAS CIICIUPUKY
JAUCKPETHBIX CUCTEM IIOJIYYCHBI HeO6XOI[I/IMBIe yCJI0BHA ONTUMAJIBHOCTH,
HE chopMynUpOBaHHbIE yepes ¢byHKLIUIO I'amunbToHa-
HOHTpHFHHa.HOKa?,aHO, YTO OTU YCIOBUAONTHMAJIBHOCTU B YAaCHOCTH,
CoJiepKaTh HEKOTOpPhIC HM3BECTHBIE, a TaKKe HOBbIe, Ooiee 3ddekTuBHE
HEo0XO0IUMBbIE YCIIOBHM oNTUMaibHOCTH. Kpome Toro, kak cnenuduyueckast
0c0OEHHOCTHpAacCMaTPUBAEMBIX 337134, IOKO3aHO, YTO AUCKPETHBINA aHaJIor
npuHIMna Makcumyma IIoHTpsiruHa He BCerna BEpHO, Aaxke AJIsl JINHEWHON
HHCerTHOﬁ 3aaa4u C 3a1as3/ibIBAHUEM B YIIPABJICHUU. A Takxe IMOJTYy4YCHBI:
- YCWIEHHble  JAWCKpPETHBbIE  aHAJOTM  ypaBHeHHs  OJiulepa H
HI/IHeapI/ISOBaHHblﬁ IIpUHINIIa MAKCUMYMa,

- HCO6XOJII/IMI)IC YCJI0BUA ONTHUMAJIBHOCTUBTOPOT'O IOpsAAKa, OCHOBAHHOC
Ha BTOpOH Bapuanuy (pyHKIMOHAJa KauecTBa M YCIOBHS ONTUMAIBLHOCTH
KBa3H-0COOBIX YIIPaBIICHHH.
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SAMIN TELMAN MALIK

NECESSARY OPTIMALITY CONDITIONS IN SOME
SYSTEMSWITH A DELAY

SUMMARY

In the dissertation, firstly, the optimal control problems described by
systems of differential equations with a delay in a control are studied. By
proposing a new scheme for deriving the necessary conditions for an
optimality, we obtain the followings:

* a strengthened version of analogue of Pontryagin’s maximum
principle;

* R.Gabasov type necessary optimality conditions for singular (in the
sense of the maximum principle) controls;

» Kelly and equality type necessary optimality conditions for singular
(in the classical sense) controls.

Then, in the dissertation work,the optimal control problems described
by systems of discrete equations with a delay in control.Here, with rather
general initial data (without assuming of convexity and smoothness), and
taking into account the specifics of discrete systems, the necessary
optimality conditions are obtained which are not formulated by the
Hamilton-Pontryagin function.It is shown that these conditions, in
particular, contain some known, as well as new, more efficient necessary
conditions for optimality. In addition, as a specific feature, it is mooted that
a discrete analogue of the Pontryagin’s maximum principle is not always
true, even for a linear discrete problem with a delay in control. Further, in
conclusion,the followings are obtained:

(a) strengthened discrete analogues of Euler equation and the linearized
maximum principle;

(b) second-order necessary optimality conditions, based on the second
variation of an objective functional and the optimality condition for quasi-
singular controls.
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