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GENERAL CHARACTERISTICS OF THE WORK
Rationale of the theme and development degree. İt is known that mathematical description of scattering of waves that harmonically depend on time leads to boundary value problem for the Helmholts equation 
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is a Laplace operator, 
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is a wave  number and 
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. As in many cases it is impossible to find exact solution of boundary value problems for Helmholts equation, there arises an interest to develop approximate methods for solving boundary value problem for Helmholts equation with theoretical foundation. One of the widely used methods for studying approximation solutions of exterior boundary value problems for Helmholts equation is their reduction to an integral equation. The main advantage of using the method of boundary integral equations for studying exterior boundary value problems is that such a system allows to reduce the problem stated for an unbounded domain to the problem for a smaller dimension bounded domain. 
Note that direct application of potential theory for deriving integral equations of exterior boundary value problem for Helmholts equation reduces to equations that have no a unique solution on eigen values of internal boundary value problems. However, searching the solutions of external boundary value problems in the form of combination of acoustic potentials of single and double layer and also using the Green formula for deriving integral equations of external boundary problems, the integral equations uniquely solvable for any value of the wave number and dependent on the operator 
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were obtained, where 
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is a closed twice continuously differentiable surface in 
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is a fundamental solution of the Helmholts equation, i.e.
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A counterexample structured by Liapunov
 shows that for a double layer potential with continuous density, a derivative, generally speaking, does not exist, i.e. the operator 
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 was not determined in the space 
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. However, in D.Kolton and R.Kress book
 it was proved that the operator 
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boundedly acts in the Holder space and a formula for calculating the derivative of a double layer acoustic potential was given by means of surface gradient. Furthermore, in this book it was showed that if in 
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 is invertible and the invertible operator 
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is a operator in the space 
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, whose double layer potential with density 
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 has continuous normal derivatives on both sides of the surface 
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. It should be indicated that the given formula in D.Kolton and R.Kress book for calculating the derivative of a double layer acoustic potential is not very practical. Furthermore, it should be noted that a practice cubic formula for calculating normal derivative of double layer acoustic potential was not constructed yet. For example, A.Yu.Anfinogenov, I.K.Lifanov and P.L.Lifanov
 a cubic formula was constructed for a normal derivative of a double layer acoustic potential in a sphere. However, the constructed cubic formula in this work is not practical in the sense that the coefficients of this cubic formula are singular integrals. 

Furthermore, it is known that one of the methods for solving hypersingular integral equations of exterior boundary value problem for Helmholt equations is regularization of these equations by means of the inverse operator 
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 is unknown. Because of these reasons, the approximate solution of some classes of integral equations of boundary value problem for Helmholts equation was not studied. Consequently, development of approximate methods for solving integral equations of boundary value problems for Helmholts equations for any value of the wave number and its theoretical foundation is very urgent.
Goal and tasks of the research. The main goal and tasks of the dissertation work is to derive a practical formula for calculating the derivative of a double layer acoustic potential, to construct a cubic formula for the normal derivative of a double layer acoustic potential and to study the approximate solution of some classes of integral equations of boundary value problems for Helmholts equation for any value of the wave number 
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Investigation methods. The methods of potential theory, theory of singular and hypersingular integral equations, theory of operators,
functional analysis and general theory of approximate methods are

used. 
The basic aspects to be defended. The following main statements are defended:
1. To derive a practical formula for calculating the derivative of a double layer acoustic potential.

2. To study some properties of operators generated by the direct value of the derivative of a simple layer acoustic potential and the derivative of a double layer acoustic potential in generalized Holder spaces.
3. To construct cubic formulas for the direct value of the derivative of a simple layer acoustic potential and for the normal derivative of a double layer.

4. To study approximate solution of a class of weakly singular surface integral equations of exterior boundary value problems for Helmholts equation by projective methods.

5. To research approximate solution of a class of hypersingular surface integral equations of first and second kind by projective methods.

Scientific novelty of the research. In the dissertation work the following main results were obtained: 

1. The boundedness of the operator generated by the direct value of the derivative of a simple layer acoustic potential in generalized Holder classes, was proved.

2. Practical formula for calculating the derivative of a double layer acoustic potential was given and boundedness of the operator generated by the derivative of a double layer acoustic potential in generalized Holder classes, was proved.

3. A cubic formula for a class of weakly singular surface integrals was constructed.

4. A method for constructing a cubic formula for a surface singular integral was given and based on this method, a cubic formula for the direct value of the derivative of a simple layer acoustic potential and for the normal derivative of a double layer acoustic layer is constructed.

5. Justification for the collocation method for a class of weakly singular surface integral equations of exterior boundary value problems for Helmholts equation is given.

6. Justification of the collocation method for the system of surface integral equation of a boundary conjugation problem for Helmholts equation is given.

7. The approximation method at the support points of the operator inverse to the operator generated by the normal derivative of a double layer acoustic potential is given. Based on this method, the approximate solution of a class of hypersingular surface integral equations of first and second kind, is studied.  

Theoretical and practical value of the study. The work is mainly of theoretical character. But the results obtained in the work may be used for numerical solutions in many practical problems of natural science (for example, in theory of diffraction of electromagnetic and acoustic waves).

Approbation and application. The results of the dissertation work were reported at the seminar of the department "Applied mathematics" of Azerbaijan State Oil Academy (head: corr.-member of NASA, prof. K.R.Aida-zadeh), at the seminar of the department "General and applied mathematics" of Azerbaijan State University Oil and Industry (head: prof. A.R.Aliyev), at the seminar of the department "Mathematical analysis" of Baku State University (head: prof. S.S.Mirzoyev), at the seminar of the department "Mathematical  physics equations" of Baku State University (head: acad. Y.A. Mamedov), at the seminar of the section "Mathematical analysis" of IMM of NASA (head: corr.-member of NASA, prof. V.S.Guliyev), at the seminar of the section "Nonharmonic analysis" of IMM of NASA (head: corr.-member of NASA, prof. B.T.Bilalov),  at the seminar of the section "Functional analysis" of IMM of NASA (head: prof. H.I.Aslanov), at the seminar of the section "Function theory" of IMM of NASA (head: doct. math. eci. V.E.Ismailov), at the institute seminar of IMM of NASA (head: corr.-member of NASA, prof. M.J.Mardanov),  and at the conference dedicated to 70-th anniversary of prof. Y.J.Mamedov (Baku, 2001), at the international conference "Actual problems of mathematics and mechanics" dedicated to 90-th anniversary H.A.Aliyev (Baku, 2013), at the international conference "Function spaces and function approximation theory" dedicated to the 100 years of acad. S.M. Nikolsky (Moscow, 2015), at the international conference "Mathematical analysis, differential equations and their applications" (MADEA-7, Baku, 2015), at the international scientific seminar "Nonharmonic analysis and differential operators" (Baku, 2016),  at the conference "Functional analysis and their applications " dedicated to 100 years of prof. A.Sh.Habibzadeh (Baku, 2016), at the international conference "Weight estimates of differential and integral operators and their application" dedicated to 70-th jubilee of prof. R.Oynarov (Astana, 2017), at the international conference "Operators, functions, and systems of mathematical physics" dedicated to 70 years of prof. H.Isaxanli (Baku, 2018).
Personal contribution of the author is in formulation of the goal and choice of research direction. Furthermore, all conclusions and the obtained results and research methods belong personally to the author.
Publications of the author. Publications in editions recommen- ded by HAC under President of the Republic of Azerbaijan  – 23, conference materials – 1, abstracts of papers – 7.

Institution where the dissertation work was executed. The work was performed at the department of "General and Applied Mathematics" of Azerbaijan State Oil and Industry University.
Structure and volume of the dissertation (in signs, indicating the volume of each structural subsection separately) General volume of the dissertation work consists of – 409482 signs (title page – 326 signs, table of contents – 3656 signs, introduction – 69200  signs, chapter I – 137400 signs, chapter II – 45300 signs, chapter III– 102400 signs, chapter IV – 51200 signs). Then list of references 155 names.
THE MAIN CONTENT OF THE DISSERTATION
The dissertation consists of introduction, four chapters, list of references.

In the introduction rationale of the research work is justified, degree of its elaboration is shown, goal and takes of the research are formulated, scientific novelty is reduced, theoretical and practical value is noted, information on approbation of the work is given. 
In chapter I a more practical formula is developed for calculating the derivative of a double layer acoustic potential and under weaker conditions the boundedness of operator generated by the direct value of the derivative of a simple layer acoustic layer and of the derivative of a double layer acoustic potential in the generalized Holder spaces are proved. The main results of this chapter were published in the author's works [5, 6, 7, 9, 11, 16, 24].
let us consider the direct value 
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Theorem 1.  Let  
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Then integral (1) exists in the sense of the Cauchy principal value, and
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Here and in sequel, by 
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 we will denote positive constants different in various spaces.
Theorem 2.  Let 
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Then the following estimations are valid:
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 and consider the function
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Now we consider a double layer acoustic potential
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Theorem 6.  Let 
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Corollary 1.  Let 
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In chapter II a method for constructing a cubic formula for a surface singular integral is given and based on this method cubic formulas for the direct value of the derivative of a simple layer acoustic potential and for the normal derivative of a double layer acoustic potential are constructed. Furthermore, a cubic formula for a class of weakly singular surface integrals is constructed in this chapter. The main results of this chapter are in the papers [3, 4, 8, 12, 13, 18].
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Now we construct a cubic formula for the direct value of the derivative of a simple layer acoustic potential and for the normal derivative of a double layer acoustic potential. Let  
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Note that by the method for constructing a cubic formula for the direct value of the derivative of a simple layer acoustic potential one can construct a cubic formula for other singular integrals along the Lyapunov surface as well.   
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Chapter III deals with justification of the collocation method for a class of weakly singular surface integral equations of exterior boundary value problems for Helmholts equation. Furthermore, a sequence convergent to the exact solution of initial boundary value problem is constructed and error estimation is given. The main results of this chapter are in the author's papers [1, 2, 3, 10, 14, 17, 19, 20, 22, 25, 26, 29]. 
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Using this representation in the work of Burton and Miller
 the Dirichlet exterior boundary value problem for Helmholts equation is reduced to the following second order integral equation uniquely solvable in the space 
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is the solution of the Dirichlet exterior boundary value problem for Helmholts equation. Furthermore. equation (10) has the advantage that its solution is the solution of the moments equation obtained first by Waterman
 for electromagnetic waves scattering. We write equation (10) in the form
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Using cubic formulas (12) and (13), we substitute the integral equation (11) by the system of algebraic equations with respect to 
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Corollary 2. Let 
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We give justification of the collocation method for a boundary integral equation of the mixed boundary value problem for Helmholts equation. Let 
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In the paper of O.I.Panich
 it was shown that the function  
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Theorem 12.  The expression 
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Corollary 3. Let 
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Now let us justify the collocation method for the system of integral equations of a conjugation boundary value problem for Helmholts equation. Let 
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with continuous densities 
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Then we can rewrite system  (18) in the form
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Theorem 14. Let 
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Using cubic formula (20), we substitute the system of integral equations (19) by the system of algebraic equations with respect for to 
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Corollary 4. Let 
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Method of approximation at the support points of the operator inverse to the operator generated by the normal derivative of a double layer acoustic potential is given in chapter IV. Based on this method, the approximate solution of a class of surface integral equations of first kind and hypersingular integral equation of second kind of boundary value problem for Helmholts equation is studied by the projective methods. Furthermore, the sequences convergent to exact solution of the consider boundary value problems are constructed, the error estimations are given. The main results of this chapter are in the author's papers   [15, 21, 23, 27, 28, 30, 31].
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Consequently, the operator 
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Lemma 1. If 
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Theorem 16.  If 
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Corollary 5.  Let 
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Now we study approximate solution of the first kind boundary integral equation of Dirichlet interior and exterior boundary value problems for Helmholts equation. Let 
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 is the solution of Dirichlet interior and exterior boundary value problems if 
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It should be indicated that the operator 
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As can be seen, the use of representation (24) for studying approximate solution of equation (23) is not convenient in the sense that additionally we have to verify fulfillment of the condition

[image: image619.wmf](

)

(

)

(

)

S

J

f

K

I

K

I

1

1

1

Î

+

-

-

-

.
Therefore, it is necessary to obtain another representation for solving equation (23). If 
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Then the solution of equation  (23) has the form 
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Dividing 
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Theorem 17.  Let 
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Corollary 6.  Let 
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Now we justify the collocation method for second kind hypersingular integral equations for Neumann's exterior boundary value problem and for a boundary value problem of Helmholts equation with impedance condition.
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is the solution of the Neumann exterior boundary value problem if  
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and this obtained equality is considered in the space 
[image: image679.wmf](

)

S

C

, where

[image: image680.wmf](

)

(

)

y

h

h

y

I

T

T

i

K

A

i

A

-

-

+

=

0

0

1

,  
[image: image681.wmf](

)

(

)

g

K

I

i

L

A

i

Bg

~

1

0

+

+

=

h

h

. 

Let 
[image: image682.wmf]S

 be divided into "regular" elementary parts 
[image: image683.wmf]U

N

l

l

S

S

1

=

=

 and  


[image: image684.wmf]0

|

0

k

k

j

l

j

l

f

f

=

=

, 
[image: image685.wmf]N

j

l

,

1

,

=

,

[image: image686.wmf]1

-

=

l

l

c

  for  
[image: image687.wmf]N

l

,

1

=

,


[image: image688.wmf](

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

+

÷

÷

ø

ö

ç

ç

è

æ

¶

F

-

F

¶

¶

¶

=

j

k

k

j

l

mesS

j

x

n

j

x

l

x

j

x

l

x

l

x

n

i

c

r

r

,

,

2

0

h



[image: image689.wmf](

)

(

)

(

)

(

)

(

)

j

k

mesS

j

x

n

j

x

l

x

r

¶

F

¶

+

,

2

  for  
[image: image690.wmf]N

j

l

,

1

,

=

,  
[image: image691.wmf]j

l

¹

,


[image: image692.wmf]h

i

g

l

l

=

  for   
[image: image693.wmf]N

l

,

1

=

,


[image: image694.wmf](

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

j

k

k

j

l

mesS

l

x

n

j

x

l

x

i

j

x

l

x

g

ú

û

ù

ê

ë

é

¶

F

¶

+

F

=

r

,

,

2

h


for  
[image: image695.wmf]N

j

l

,

1

,

=

,  
[image: image696.wmf]j

l

¹

.
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Using cubic formulas  (27) and (28), we substitute equation (26) by the system of algebraic equations respect to 
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Corollary 7. Let 
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Using cubic formulas (32) and (33), we substitute equation (31) by the system of algebraic equations with respect to 
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Theorem 21. Equations (31) and (34) have unique solutions 
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Corollary 8.  Let  
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converges to the value 
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Conclusions 
The dissertation work is devoted to study of approximate  solutions of surface integral equations of boundary value problems for Helmholts equation by projective – grid methods.
The main results of the dissertation work are the followings: 
1. Boundedness of the operator generated by the direct value of the derivative of a simple layer acoustic potential in generalized Holder classes, is proved.
2. A practical formula for estimating the derivative of a double layer acoustic potential is given, boundedness of the operator generated by the derivative of a double layer acoustic potentials in generalized Holder spaces, was proved.
3. A cubic formula for a class of weakly singular surface integrals was constructed.
4. A method for constructing a cubic formula for a surface singular integral is given and based on this method, a cubic formula for the direct value of the derivative of a simple layer acoustic potential and for normal derivative of a double layer acoustic potential, was constructed.

5. Justification of the collocation method for a class of weakly singular surface integral equation of exterior boundary value problem for Helmholts equation, was given.

6. Justification of the collocation method for the system of surface integral equations of a boundary conjugation value problem for Helmholts equation, is given.
7. Method of approximation at support points of the operator inverse to the operator generated by the normal derivative of a double layer acoustic potential was given. Based on this method, approximate solution of a class of hypersingular surface integral equations of first and second kind was studied.
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