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GENERAL CHARACTERISTIC

Actuality of the work and the degree of elaboration.  An active development of numerical methods for solving hypersingular integral equations is of considerable interest in modern numerical analysis. This is due to the fact that hypersingular integral equations have numerous applications in acoustics, aerodynamics, fluid mechanics, electrodynamics, elasticity, fracture mechanics, geophysics and etc. Therefore the construction and justification of numerical schemes for approximate solutions of hypersingular integral equations is a topical issue and numerous works are devoted to their development.The development of constructive methods for solving hypersingular integral equations is impossible without studying the properties of hypersingular integral operators contained in these equations, and is associated with the approximation of such operators, which indicates the actuality of the subject of dissertation research.Hypersingular integrals were introduced by J. Hadamard for the solution of the Cauchy problem for a linear partial differential equations of a hyperbolic type.They also arise in solving Neumann problem for the Laplace equation, in solving  integral equations of the linear theory of a bearing surface, in inverting generalized Riesz potentials, when presenting some classes of pseudo-differential operators  and in other areas of mathematics and mechanics.

Approximations of hypersingular integrals and the construction of constructive methods for solution of hypersingular integral equations with Cauchy kernel and Hilbert kernel, the theory of which is well described in monographs are devoted to the works of A.Yu. Anfinogenov, I. K. Lifanov, P.I. Lifanov , R. B. Babaev, B. V. Boykov , G. M. Vainikko, I. K. Lifanov, L.N. Poltavsky, K. Buhring, Z. Chen, Y. Zhou , D. Chien, K. Atkinson , M. De Bonis, D. Occorsio , V. Ervin, E. Stephan, S. Fata, L. Gray, H. Feng, X. Zhang , J. Huang, Z. Wang, R.Zhu , AVKostenko, R. Kress, A. Sidi and other authors. In 2006 a new constructive method for solution of the singular integral equations with the Cauchy kernel was worked out by R.A.Aliev, in which singular integral operator is approximated by operators preserving main properties of the singular integral operator and  that enables to obtain more exact results than traditional methods in terms of the convergence rate and requires less computational cost because it allows  to find approximate solutions explicitly (and not at individual points), herewith the coefficients of the corresponding systems of linear algebraic equations are easily calculated. In present dissertation work this constructive method is worked out and is justified for solution of hypersingular integral equations with Hilbert kernel and Cauchy kernel in the space of the square-integrable functions and and in the Hölder spaces.
The aim and objectives of the research. The aim of the work is construction of approximation hypersingular integral operator with Hilbert kernel and Cauchy kernel, construction and justification of constructive method for solution of hypersingular integral equations with  Cauchy kernel and  Hilbert kernel.

Research methods. In order to justificate the results obtained in the dissertation the methods of the theory of functions of a real and complex variable, the theory of singular integral equations, functional analysis, linear algebra and the general theory of approximate methods are used.

Key points of the dissertation which will be defended.

· the error estimates of the approximation of  hypersingular

integral operators with Cauchy kernel and with Hilbert kernel  in the space of the square-integrable functions and in the Hölder spaces;
· presentation and justification of the constructive method for
solution of hypersingular integral equations with Hilbert kernel and with Cauchy kernel in the space of the square-integrable functions; 
· the application of given constructive method to the 2D inner
Neumann problem for Laplace equation and using numerical experiments to show the efficiency of this method;                  
Scientific novelty of the research. 
· the error estimates of the approximation of  hypersingular

integral operators with Cauchy kernel and with Hilbert kernel  in the space of the square-integrable functions and in the Hölder spaces;
· the constructive method for solution of hypersingular integral
equations with Hilbert kernel and with Cauchy kernel is presented and  justificated in the space of the square-integrable functions;
· the application of given constructive method to the 2D inner
Neumann problem for Laplace equation is described  and results of  numerical examples confirming the efficiency of the proposed method are given.
Scientific and practical value of the research. The dissertation is mainly theoretical in nature. However, the obtained results can find application in the further development of numerical methods for solution of the singular integral equations and other problems of analysis. They can also be applied in solving various theoretical and applied problems, which are reduced to hypersingular integral equations considered in the dissertation.

Presentation  and application of the work. The main results of the dissertation have been presented at the seminars of the  chair of “Mathematical analysis” in BSU (Chief of the chair D.p.-m.s., prof. Mirzoev S.S), at the seminars of the  chair of  “Theory of functions and functional analysis” in BSU (Chief of the chair D.p.-m.s., prof. Akhmedov A.M), at the seminars of the department  “Theory of functions” in IMM NAS of Azerbaijan (Chief of the dep. prof. Ismailov V.E), at international conference devoted to the 85th anniversary of prof. Y.Mammadov, Baku 2015, at international conference  on “Actual problems of  theoretical and practical mathematics”  devoted to the 100th  anniversary of M.L.Rasulov, Baku 2016, at the republican conference on “Functional analysis and its applications”

devoted to the 100th  anniversary of A.Habibzade, Baku 2016,  at international conference on “Modern problems of Mathematics and Mechanics” dedicated to the 80-th anniversary of academician A.Gadjiev, Baku 2017, at 1st İnternational Science and Engineering Coference, Baku 2018, at international conference on “Operators, Functions and Systems of Mathematical Physics” , Baku 2019, at international conference on “Operators in general Morrey-Type Spaces and Applications” (OMTSA 2019), Turkey,2019.

Personal contribution of the author. All the results obtained in the dissertation belong to the author.

The name of the institution where the thesis is performed. The work was performed at Baku State University the department of " Mathematical Analysis"
Publications of the author. The main results of the dissertation work have been published in 13 author’s publications given at the end of the report.
Structure and volume of the dissertation (in signs, indicating the volume of each structural subsection separately). The total volume of the dissertation –211669 signs (the title page-1706 and content 570 signs, introduction – 36000 signs, chapter I – 64000 signs, chapter II – 42000 signs, chapter III – 66000 signs Conclusion – 1393 signs). The list of references consists of 71 names
               CONTENT OF DISSERTATION

The disertation is divided into introduction, three chapters, conclusion and references. The first chapter describes the approximation of  hypersingular  integral operator with Cauchy kernel in the space of the square-integrable functions and in the Hölder spaces. The main results of this chapter were published in the following publications of the author [1, 2, 3, 4,5, 10,11].
Consider the following integral
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where the function 
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, we get the divergent integral. Therefore, using the idea of Hadamard finite part integral, we will define the integral (1) as follows.
Definition 1. If a finite limit
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 exists, then the value of  this limit is referred to as the hypersingular  integral of the function 
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In 1.1 the hypersingular  integral (1)  is investigated, as well as the integrals of the form
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where the function 
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Theorem 1. If the function 
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 is absolutely continuous on 
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Theorem 2. If the function 
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 has absolutely continuous  
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Corollary 1. If the function 
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 has absolutely continuous  
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where the integral standing in the right side is understood in the sense of the Cauchy principal value. 

Corollary 2.  If the function 
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 is differentiable 
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where the integral standing in the right side is understood in the sense of the Cauchy principal value.

Theorem 3.  If the function 
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Let 
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 and let 
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Since the singular integral operator with Cauchy kernel is bounded in 
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 , then from the Theorem 1 and Corollary 1 it follows that the following hypersingular integral operator with Cauchy kernel
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In 1.2  the  approximations of  hypersingular  integral operator 
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 and is described that these  approximations preserve the  main properties of the hypersingular  integral operator and is obtained  an appropriate estimate of the convergence.

Consider the sequence of operators
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Theorem 4.  The operators  
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and for any algebraic polynomial 
[image: image74.wmf](

)

k

n

n

k

k

t

q

t

q

å

-

+

-

=

=

1

1

 with degree less than 
[image: image75.wmf]1

-

n

 the following relation holds


[image: image76.wmf](

)

(

)

(

)

(

)

t

Hq

t

q

H

n

=

.

Suppose that 
[image: image77.wmf](

)

(

)

)

(

2

0

2

)

(

inf

;

g

j

j

m

n

W

n

T

q

m

n

q

W

E

×

-

×

=

Î

 – is the best approximation of the function 
[image: image78.wmf](

)

0

2

g

j

m

W

Î

 by polynomials 
[image: image79.wmf]n

T

,  where 
[image: image80.wmf]n

T

 – is the set of polynomials of the form 
[image: image81.wmf]k

n

n

k

k

t

å

-

=

a

, 
[image: image82.wmf]C

k

Î

a

.

Тheorem 5. The sequence of operators 
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Now consider the sequence of operators
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Theorem 6. The operators  
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Theorem 7.  The sequence of operators 
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Let 
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From  the Theorem 3 it follows that, if 
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In 1.3 the  approximations of  hypersingular  integral operator with Cauchy kernel are given :
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 and is obtained  an appropriate estimate of the convergence.

The second chapter describes the approximations of  hypersingular  integral operator with Hilbert kernel in the space of the square-integrable functions and in the Hölder spaces. The main results of this chapter were published in the following publications of the author [ 7,12, 13].
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Therefore, using the idea of Hadamard , we will define the integral (5) as follows:

Definition 2.   If a finite limit
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exist, then the value of this limit is referred to as the hypersingular Hilbert integral of the function 
[image: image126.wmf](

)

t

j

t

2

csc

2

t

-

  on 
[image: image127.wmf]0

T

, and is denoted by 
[image: image128.wmf](

)

ò

-

p

t

t

j

t

2

0

2

2

csc

d

t

.

If according to the definition we will calculate the hypersingular  integral 
[image: image129.wmf]ò

-

p

t

t

2

0

2

2

csc

d

t

, where 
[image: image130.wmf]0

T

t

Î

, then we get

               
[image: image131.wmf]0

2

csc

2

0

2

=

-

ò

p

t

t

d

t

.                                              (6)
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 in the sense of the Cauchy principal value, and the following equation holds:
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where the integral standing in the right hand side is understood in the sense of the Cauchy principal value.

In 2.1 the hypersingular integral (5) is investigated as well as the integrals of the form


[image: image135.wmf](

)

,

,

3

,

2

csc

2

0

N

m

m

d

t

m

Î

³

-

ò

p

t

t

j

t

 
[image: image136.wmf]0

T

t

Î

,               (7)

               
[image: image137.wmf](

)

[

)

1

,

0

,

,

2

csc

2

0

Î

Î

-

ò

+

l

t

t

j

t

p

l

N

m

d

t

m

, [image: image138.wmf]0

T

t

Î

,        (8)

where the function 
[image: image139.wmf](

)

t

j

  is Lebesgue integrable on 
[image: image140.wmf]0

T

. 

Theorem 8. If the 
[image: image141.wmf]p

2

-periodic function 
[image: image142.wmf](

)

t

j

 is absolutely continuous on 
[image: image143.wmf]0

T

, then the hypersingular Hilbert integral (5) exists for almost all 
[image: image144.wmf]0

T

t

Î

, and the following integration by parts formula holds:


[image: image145.wmf](

)

(

)

ò

ò

¢

-

=

-

p

p

t

t

j

t

t

t

j

t

2

0

2

0

2

2

2

2

csc

d

t

ctg

d

t

.
Let 
[image: image146.wmf](

)

0

2

2

T

L

L

=

 be the space of the functions square-integrable on 
[image: image147.wmf]0

T

 with the norm 


[image: image148.wmf](

)

2

1

2

0

2

2

1

2

÷

÷

ø

ö

ç

ç

è

æ

=

ò

p

t

t

j

p

j

d

L

,

 and let 
[image: image149.wmf](

)

0

2

T

W

m

 – be the space of 
[image: image150.wmf]p

2

-periodic functions having 
[image: image151.wmf](

)

1

-

m

th order absolutely continuous derivative and whose 
[image: image152.wmf]m

th order derivative belongs to [image: image153.wmf](

)

0

2

T

L

, with the norm 


[image: image154.wmf](

)

(

)

(

)

(

)

å

=

+

=

m

k

T

L

k

T

L

T

W

m

1

0

2

0

2

0

2

j

j

j

.

Since the hypersingular integral operator with Hilbert kernel

is bounded in the space 
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In 2.2 the  approximations of  hypersingular  integral operator 
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Consider the sequence of operators
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Theorem 10. The sequence of operators 
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In 2.3 the  approximations of  hypersingular  integral operator with Hilbert kernel are given:
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The third chapter is devoted to the constructive solution of hypersingular integral equations with Hilbert kernel and Cauchy kernel in the space of the square-integrable functions. The main results of this chapter were published in the following publications of the author [6, 8, 9, 12].
In 3.1 the constructive solution of hypersingular integral equations with Cauchy kernel is given. At First the simple hypersingular integral equation of the first kind with Cauchy kernel is considered:
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If the condition (10) is satisfies, then the equation  (9)  has infinitely many solutions  in the general form
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Therefore if we consider the following  equation
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then the equation (12) - (13) is unique solvable for any  
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We will look for approximate solution of the equation (12) - (13) in the form 
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Therefore consider the following equation
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then we obtain that, the equation  (14) is solvable only if
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 If the condition  (15) is satisfies, then the equation (14) has infinitely many solutions in the form
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From the above mentioned it follows that the equation
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is unique solvable for any  
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Theorem 11. For any
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Now consider the hypersingular integral equation of the first kind with Cauchy kernel
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then we obtain that the equation (19) is solvable only if the condition (10) holds. Therefore we will consider the following equation:
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Theorem 12. If for any 
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In 3.2 the constructive solution of hypersingular integral equations with Hilbert kernel is given.  First the simple hypersingular integral equation of the first kind with Hilbert kernel is considered
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If the condition (25) is satisfies then the equation (24) has infinitely many solutions  in the general form
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[image: image263.wmf](

)

(

)

C

T

L

d

f

´

Î

0

2

0

;

 and the solution of (27)-(28) is the function 
[image: image264.wmf](

)

t

*

j

, defined by (26).


We will look for approximate solution of the equation (27)-(28) in the form 
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 If the condition (30) is satisfies, then the equation (29) has infinitely many solutions in the form
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From the above mentioned it follows that the equation
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is unique solvable for any  
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Theorem 13. For any
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Now consider the hypersingular integral equation of the first kind with Hilbert kernel 
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then we obtain that the equation (34) is solvable only if the condition (25) holds. Therefore we will consider the following equation:
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Theorem 14. If for any 
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In 3.3 the results of  numerical examples confirming the effectiveness of the proposed method are given.
                                          CONCLUSION
In the present dissertation work the following main results were obtained:

· the error estimates of the approximation of  hypersingular

integral operators with Cauchy kernel and with Hilbert kernel  in the space of the square-integrable functions and in the Hölder spaces are obtained;
· the constructive method for solution of hypersingular integral
equations with Hilbert kernel and with Cauchy kernel in the space of the square-integrable functions is presented and  justificated;

· the application of given constructive method to the 2D inner
Neumann problem for Laplace equation is described and the results of  numerical examples confirming the efficiency of the proposed method are given;
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