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GENERAL DESCRIPTION OF WORK

Relevance of the topic and the degree of development. The
dissertation is devoted to the following important sections of harmonic
analysis such as: theory of function spaces, theory of maximal
operators, theory of fractional maximal operators, theory of Riesz
potential, which are closely interconnected and successfully
complement each other. The development of functional analysis and the
needs of the theory of differential equations led to the study of
functional spaces. The above said quite well emphasizes the relevance
of the subject matter of this dissertation and, as we see, has both
theoretical and practical significance.

One of the main achievements of recent decades, influencing the
appearance of harmonic analysis, cosists in successfully attracting the
ideas and techniques of the theory of maximal operators, the theory of
fractional maximal operatos and integral oppperators of the type of
potential. These ideas and methods are applied in the theory of partial
differential equations, function theory, functional analysis, probablity
theory, problems of approximation theory, harmonic analysis on
homogeneous groups and other sections of mathematics. A sistematic
study of the maximal operator, fractional-maximal operator, and Riesz
potential in function spaces originates from the classical Hardy-
Littlewood-Sobolev theorem. Around the 1970s, the Hardy-Littlewood-
Sobolev inequality was extended from Lebegue spaces to the Morrey
spaces by J. Peetre and D.R. Adams. The Morrey space was introduced
in 1938 by C.B.Morrey, in connection with some problems of elliptic
equations and calculus of variations. Further study of these operators
and their commutators in some functional spaces was continued by W.
Orlicz, R.Coifman, R.Rochberg, G.Weiss, E.Stein, C.Fefferman,
S.Chanillo, A. Cianchi, H.Kita, E.Nakai, S.Janson, Y.Sawano,
V.Kokilashvilli, D.Yang, M.A.Ragusa, X.Fu, E.Sawano, V.T.Burenkov,
L.Softova, V.S.Guliyev, A.Gogatishvili, R.Mustafaev, P.Zhang, A.M.
Nadjafov et al.

Application of the potential theory method to solving many
boundary value problems encountered in the theory of differential
equations with partial derivatives, in problems of the theory of analytic
functions, as well as in problems of mechanics, has a rich history and
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successful practice. The boundedness of fractional-maximal, fractional-
integral operators and their commutators can be applied to the study of
the regularity of solutions of elliptic equations with VMO coefficients in
some function spaces. Various properties of the Riesz potential were
investigated in the works of M. Riesz, G.Kh. Hardy, J.E. Littlewood,
S.L. Sobolev, I. Stein and others. Among Azerbaijani mathematicians in
this direction, we note the works of A.D. Gadjiev, S.K. Abdullayev,
R.K.Seyfullayev, V.S. Guliyev, LLA. Aliyev, R.M. Rzayev, R.
Bandaliyev, J.J.Hasanov, E.J.Ibrahimov, Y.Y.Mamedov,
M.G.Gadjibekov and others.

A criterion for the boundedness of fractional-maximal, fractional-
integral operators in Orlicz spaces in terms of capacity type was
obtained by A.Cianchi'. For these operators to be bounded, we have
proved necessary and sufficient conditions in Orlicz spaces in terms of
Sobolev[15,19]. These results are different characteristics for the
indicated operators. Moreover, we have studied a criterion for the
boundedness of commutators of fractional-maximal, fractional-integral
operators in Orlicz spaces. In the work of V.S.Guliyev and F.Deringoz ®
proved sufficient conditions for Spanne type boundedness of the Riesz
potential and its commutator in generalized Orlicz-Morrey spaces. We
have proved the necessary conditions. Moreover, we have proved
necessary and sufficient conditions for Adams type boundedness of
fractional-maximal, fractional-integral operators and their commutators
in generalized Orlicz-Morrey spaces[9,14,17]. In the work of R.Zhang?®,
boundedness of the commutator [b,M] of the maximal operator in the
Lebegue space, when b belongs to the Lipschitz space, is considered.
We have proved boundedness criteria for commutators of fractional-
maximal operators in Orlicz space when b belongs to Lipschitz and
BMO spaces, respectively[15,18,19].

! Cianchi, A. Strong and weak type inequalities for some classical operators in
Orlicz spaces // Journal of London Mathematical Society -1999, 60(1), p. 247-286.

2 Guliyev, V.S., Deringoz, F. On the Riesz potential and its commutators on
generalized Orlicz-Morrey spaces // Journal of Functional Spaces. Article 1D 617414, -
2014, -11 p.

3Zhang, P. Characterization of Lipscitz spaces via commutators of the Hardy-
Littlewood maximal function // C.R. Acad. Sci., -2017, v.355, -p. 336-344.
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Object and subject of research. The object of the dissertation is
the study of the boundedness criteria of the fractional maximal,
fractional integral operators and their commutators in Orlicz spaces and
in generalized Orlicz-Morrey spaces.

Purpose and objectives of research.

» obtaining the necessary and sufficient conditions for the
boundedness of the fractional maximal operator, the Riesz potential and
their commutators on the Orlicz spaces and the generalized Orlicz-
Morrey spaces, respectively.

» characterization of the BMO space and the Lipschitz space using
commutators of the fractional maximal operator and the Riesz potential
in the Orlicz spaces and generalized Orlicz-Morrey spaces, respectively.

» obtaining the necessary and sufficient conditions for the
boundedness of the maximal operator and its commutator in the
generalized weighted Orlicz-Morrey spaces.

* the proof of the boundedness of the maximal operator in the
vector-valued generalized weighted Orlicz-Morrey spaces and the proof
of the two-weight inequality for the Riesz potential in the modular p-
convex weighted Banach function spaces.

» obtaining the necessary and sufficient conditions for the
boundedness of the multisublinear fractional maximal operator on the
product modified Morrey spaces, as well as for the boundedness of the
multilinear fractional integral operator on the product Morrey spaces
and on the product modified Morrey spaces.

* the study of the boundedness of the parametric Marcinkiewicz
integral in the generalized Orlicz-Morrey spaces.

Research methods. In the dissertation, methods of the theory of
functions and functional analysis, the theory of integral operators are
used.

The main provisions to be defended.

1. Necessary and sufficient conditions for the boundedness of the
fractional-maximal, fractional-integral operators and their commutators
in Orlicz spaces and in generalized Orlicz- Morrey spaces, respectively.

2. Criteria for the boundedness of the maximal operator and its
commutator in generalized weighted Orlicz-Morrey spaces and two-
weighted inequalities for the Riesz potential in p-convex Banach
function spaces.



3. Criteria for the boundedness of the multisublinear fractional-
maximal and multilinear fractional-integral operators on the product
Morrey spaces and on the product modified Morrey spaces,
respectively.

Scientific novelty of the research. The following main results
were obtained in the dissertation:

1. Necessary and sufficient conditions are proved for the bounded-
ness of the fractional maximal operators and their commutators on the
Orlicz spaces.

2. Necessary and sufficient conditions are found for the
boundedness of the Riesz potential and its commutator on the Orlicz
spaces.

3. Criteria for the boundedness of fractional-maximal and
fractional-integral operators and their commutators in generalized
Orlicz-Morrey spaces are proved.

4. Necessary and sufficient conditions are proved for the
boundedness of the maximal operator and its commutator on the
generalized weighted Orlicz-Morrey spaces.

5. The boundedness of the maximal operator in the vector-valued
generalized weighted Orlicz-Morrey spaces is proved.

6. Two-weighted inequalities for the Riesz potential in p-convex
modular weighted Banach function spaces are proved.

7. Necessary and sufficient conditions are found for the
boundedness of the multisublinear fractional maximal operator on the
product modified Morrey spaces.

8. Necessary and sufficient conditions are proved for the
boundedness of the fractional integral operator on the product Morrey
spaces and on the product modified Morrey spaces.

9. The boundedness of the parametric Marcinkiewicz integral on
the generalized Orlicz-Morrey spaces is proved.

Theoretical and practical value of the research. The
dissertation work is theoretical in nature and contributes to the
development of the theory of operators in Orlicz spaces and generalized
Orlicz-Morrey spaces. The results obtained may be of interest not only
for specialists in functional analysis and operator theory, on which it is
primarily designed, but also, for example, in partial differential
equations and variational problems, in view of the opening applications
of new spaces.



Approbation and testing. The results of the dissertation were
reported at the seminars of the department “Mathematical Analysis” of
the IMM of the National Academy of Sciences of Azerbaijan (head.
Cor. Mem. of NASA, Prof. V.S. Guliyev); at the seminars of the
department "Differential Equations " (head. Doc. of Physics and Math.,
Prof. A.B. Aliyev); at the Institute-wide seminar of IMM NASA, at the
seminars of the department "Mathematical Analysis " of the BSU
(head. Doc. of Physics and Math., Prof. S.S. Mirzoev), at the seminars
of the department "Theory of Functions and Functional Analysis " of
the BSU (head. Doc. of Physics and Math., Prof. A.M. Akhmedov). The
main results of the dissertation were also reported at the international
conference on mathematics “Math. Anal., Differ. Equations” (Baku,
2015); at the international conference on mathematics “Nonharmonic
Anal. and Differ. Oper.” (Baku, 2016); at the international conference
dedicated to the 80" anniversary of Acad. A. Gadjiev (Baku, 2017), at
the international conference on mathematics “Operators in Morrey type
spaces and Appl.” (Turkey, 2017, 2019); at the international conference
on mathematics “Modern Problems of Mathematics and
Mechanics“(Baku, 2019).

The results can be applied in functional analysis and operator
theory. Using the results obtained, one can investigate the qualitive
properties of boundary value problems for elliptic operators. Estimates
for fractional-integral operators and their commutators can be applied to
the study of the regularity of solutions of elliptic equations with VMO
cofficients in the function spaces under consideration. And also the
boundedness of fractional-maximal operators and their commutators can
be applied to the study of the boundedness of the Schrodinger operator
in the function spaces under consideation.

Personal contribution of the author. All the main results to be
defended were obtained by the author personally using the methods of
functional analysis and operator theory. The scientific consultant took
part in choosing the direction of research and analysis of the results.

Publications of the author.

* Publications in publications recommended by the HAC under the
President of the Republic of Azerbaijan -16.
* Abstracts -6.

The name of the institution where the dissertation work was

performed. The work was performed at “Mathematical Analysis”
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department of the Institute of Mathematics and Mechanics of the
National Academy of Sciences of Azerbaijan.

The structure and scope of the dissertation(in signs). Title
page -419 signs, contents -2660 signs, introduction -83708 signs,
contents of the dissertation -320244 signs(chapter | -83283 signs,
chapter 11 -101442 signs, chapter Il -77654 signs, chapter 1V -57865
signs), conclusions -2101 sign, literature -26280 signs, total -435412
signs.

CONTENT OF THE DISSERTATION.

The main content of the dissertation consists of four chapters. In
the first chapter of the dissertation, the characterization of the fractional
maximal operator, fractional integral operator and their commutators in
Orlicz spaces is defined and investigated. In this chapter necessary and
sufficient conditions are proved for the boundedness of the fractional
maximal operator m_, Riesz potential 1, and their commutators in

Orlicz spaces. As an application of these results, we study the
boundedness of the fractional maximal commutator m, , nonlinear
commutator [b,M,], and commutator [b,1,] when b belongs to the

BMO space and the Lipschitz space and obtain new characteristics of

the BMO and Lipschitz spaces, respectively. The first paragraph of the

first charter sets out the necessary facts about the Orlicz space.
Definition 1. A function ®:[0,+w)—[0,0] is called a Young

function if @ is convex and continuous, Iinlcb(r)=<1>(0):0 and
lim ®(r) = oo.

r—-+0w

The set of Young functions such that 0 <®(r) <+, 0<r <+
is denoted by .
Definition 2. (Orlicz space ). For a Young function @, the set

L®(R™) :{f el (R"): j(D(k| f (x)|)dx < +oo for some k >0}
Rﬂ
is called Orlicz space. The space L. (R") is defined as the set of all

functions f suchthat fy, eL"(R") forall balls BcR".
L”(r") is a Banach space with respect to the norm



If()I

Il —|nf{/1>0 j d(—1)dx <1}.

For a measurable set Q= R", a measurable function f and t>0, let
m(Q, f,t) g[{xeQ:| f(x)[>t}|.
In the case Q=R", we for brevity denote by m(f,t).
Definition 3. The weak Orlicz space
WLP(R") ={f el (R"):|| f || <+oo}
is defined by the norm

loc

I fll,.=inf{A>0: supcD(t)m(— t) <1).

>0
For a Young function @ and 0<s<+o0, let
O (s) =inf{r>0:d(r) >s} (inf & =+w).
If ®e),then @ is the usual inverse function of ®@. It is well
known that
Q@ (r) <r<d(d(r)) for 0<r < +oo.

A Young function @ is said to satisfy the A, -condition, denoted
alsoas ®eA,, if
@(2r) <kd(r), r>0,

for some k >1. If ®€A,, then ® ). A Young function @ is said to
satisfy the v,-condition, denoted also by ® eV, if

1
D(r) <—d(kr), r=0,
(r) o (kr)

for some k>1.
For a Young function @, the complementary function d(r) is
defined by
- sup{rs —d(s):s€[0,0)}, re[0,o)
d(r) =
+ o0 , =40,
The complementary function ® is also a Young function and it

satisfies ® =@ .



Recall that the fractional maximal operator M is given by

M _f(x)=sup| B(x,t)|l+n I | f(y)|dy, 0<a<n,
t>0 B(x1)
where the supremum is taken over all balls B — R" containing X, and
the Riesz potential operator |  is defined by
| F(x) = ILy)ndy, O<a<n.
Sx=ylr
If o=0, then M =M, is the Hardy-Littlewood maximal

operator.
The fractional maximal commutator with a locally integrable
function b is defined by

M, () =sup|BI " [Ib(x)~b(y)| f(y)]dy,

xeB

where the supremum is taken over all galls B containing x.

If =0, then M, =M is the maximal commutator.

We can define the (nonlinear) commutator of the fractional
maximal operator M _ with a locally integrable function by

[0,M_1(T)(x) =b(x)M, (T)(x) =M, (bf )(x),

and the commutator [b,| ] and the operator |b, | | are defined by
(respectively)

[b.1,1=1,(bf)(X) =bO)1, (F)(X), b1, = T (y)dy.

R" y |
In the second section we obtain necessary and sufficient
conditions for the boundedness of M in Orlicz spaces and weak Orlicz

spaces.
The main result of section 1.2 is
Theorem 1. Let O<a<n, ®O,¥Y¥ be Young functions

and ® ). The condition

I |b(x) —b(y)|
o Ix=
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r‘%qu(r) <CY(r) 1)
for all r>0, where C>0 does not depend on r, is necessary and
sufficient for the boundedness of M_, from L"(R") to WL"(R").
Moreover, if ® €V, , the condition (1) is necessary and sufficient for

the boundedness of M, from L*(R") to L' (R").

In the paragraph 1.3 of the first chapter of the dissertation work
we were proved necessary and sufficient conditions for the boudedness

of fractional maximal commutator M, and nonlinear commutator of

fractional maximal operator [b, M _] on Orlicz spaces.
Definition 4. Suppose that be L} _(R"), let

Il fll.= sup | £Cy)— fory 1Y,
xg&",r>O|B(X,r)|B(‘[r) B(x,r)
where fg ,, =—— f(y)dy.
0 B(x, r)|3£,)
Define

BMO(R") ={f e 5 (R")\{const}:|| f |l.<oc}.
Modulo constants, the space BMO(R") is a Banach space with
respect to the norm || -||.
The following theorem gives necessary and sufficient conditions
for the boundedness of the operator M, from L"(R") to L"(R").

Theorem 2. Let O<a<n, beBMO(R") and @, ¥ Young
functions such thatd e ).
1If ®wev, and v eAa,, then the condition

D () + sup (L+ In D)t < CE(r )

r<t<oo r

for all r>0, where C >0 does not depend on r, is sufficient for the
boundedness of M, , as an operator from L"(R") to L*(R").

2. If ¥ e A,, then condition
11



rro*(r")<Cy (™) 2)
is necessary for the boundedness of M, as an operator from L"(R")
to L'(R").
3.If ®eVv,, ¥ea,,and the condition
sup(1+ln—)<1>’1(t t* <Cred(r") (3)

r<t<oo

holds for all r >0, where C > 0 does not depend on r, then condition
(2) is necessary and sufficient for the boundedness of M, 6 as an

operator from L’ (R") to L*(R").

Definition 5. Let 0 < B <1. We say a function b belongs to
the Lipschitz space A 5(R") if there exists a constant C such that for
all x,yeR"

[b(x)-b(y)[<C|x-yI".

The smallest such constant C is called the Aﬂ (R") norm of b and
is denoted by || b ||A = -

Theorem 3. Let 0<pf<1L0<a<n O0<a+p4<n,

bell (R"){const}, ®, ¥ be Young functionsand ® €} .

1. If ® eV, and the condition

t_a:ﬁCD’l(t) <C¥(t), (4)

holds for all t>0, where C >0 does not depend on t, then the condition
beA,(R") is sufficient for the boundedness of M,, from L'(R") to
L* (R").

2. If the condition

_atp
Yt <Co ()t (5)
holds for all t>0, where C>0 does not depend on t, then the
condition beA[,(R”) is necessary for the boundedness of M, , from

L"(R") to L*(R").
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3. 1f oev, and ¥(t) zdfl(t)tf#, then the condition beA,(R") is
necessary and sufficient for the boundedness of M,, from L"(R") to
L*(R").

Theorem 4. Let 0<pB<1, 0<a<n, O<a+pB<n,
beli (R")\{const}, ®, ¥ be Young functionsand ® ) .

1. If condition (4) holds, then the condition beAﬂ(R”) is
sufficient for the boundedness of M, , from L*(R") to WL"(R").

1+¢e

2. If condition (5) holds and t
Y(t

is almost decreasing for some

£ >0, then the condition b e/\ﬂ(R”) is necessary for the boundedness
of M,, from L*(R") to WL" (R").

a+f 1+¢

_axp t
3.1f v~ ()t » and
(t) (t) YO

is almost decreasing for

some ¢ >0, then the condition beAﬂ(R”) is necessary and sufficient
for the boundedness of M, , from L*(R") to WL" (R").
For a fixed ball B, the fractional maximal function with respect
to B, of a function f is given by
1
M, 5 (F)0)= sup ——[| f(y)|dy, 0<a<n,
By2B>x l_ﬁ B
1B
where the supremum is taken over all the balls B with B < B; and

XxeB.
Theorem 5. Let 0<p<l, O<a<n, O<a+pB<n and

be Ly (R")\{const} be a locally integable non-negative function.

Suppose that @,¥ be Young functions, ®eynv, and

_a+p
Pt) =~ d(t)t " . Then the following statements are equivalent:

Lbeh,R").
2. [b,M,] is bounded from L*(R") to L"(R").
13



3. There exists a constant C >0 such that
Supl Bl W (B[ |Ib()-|B[*" M, (B

In the paragraph 1.4 of the first chapter of the dissertation was
obtained necessary and sufficient conditions for the boundedness of the
Riesz potential on Orlicz spaces.

The following theorem gives necessary and sufficient conditions
for the boundedness of the operator 1, from L"(R") to WL"(R") and

from L*(R") to L*(R").
Theorem 6. Let O<a<n and &, ¥ ).
1. The condition

L““(B)

reo(r )+ch t "Mt <ch () (6)

for all r>0, where C>0 does not depend on r, is sufficient for the
boundedness of 1, from L*(R") to WL"(R"). Moreover, if ®eV,,
the condition (6) is sufficient for the boundedness of 1, from L®(R") to
LY (R").

2. The condition

o (r"<Cy(r™) (7

for all r>0, where C >0 does not depend on r, is necessary for the
boundedness of 1, from L*(R") to WL*(R") and from L"(R") to
LY (R").

3. If the regularity condition

I@‘l(t‘”)t“ % <Cr*@d*(r™

holds for all r>o0, rvvhere C>0 does not depend on r , then the
condition (7) is necessary and sufficient for the boundedness of 1, from
L*(R") to WL"(R"). Moreover, if ®ev, the condition (7) is
necessary and sufficient for the boundedness of I, from L*(R") to
LY (R").

In the paragraph 1.5 of first chapter of the dissertation was proved

necessary and sufficient conditions for the boundedness of the
commutator of the Riesz potential on Orlicz spaces.
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The following theorem gives necessary and sufficient conditions
for the boundedness of the operator |b, 1, | from L®(R") to L"(R").

Theorem 7. Let O<a <n, be BMO(R") and ®,Y€) .

1.If ®eVv, and ¥ € A,, then the condition

r@ (") + [ @+ In Do) % <C¥i(r")  (8)
) r
for all r>0, where C>0 does not depend on r, is sufficient for the
boundedness of [b,1] from L*(R") to L*(R").
2. If weA,, then the condition (2) is necessary for the

boundedness of |b, 1| from L*(R") to L*(R").
3. Let deVv, and ¥ €A,. If the condition
fa@em ;)(D‘l(t‘“)t“ % <Creoi(rm) ©)
holds for all r>r0, where C>0 does not depend on r, then the
condition (2) is necessary and sufficient for the boundedness of |b, 1 |
from L*(R") to L¥(R").

Theorem 8. Let 0<a <n, bel} (r")\{const}and ®,¥e) .

1. If ®eV,, YeA, and the condition (8) holds, then the
condition b e BMO(R") is sufficient for the boundedness of [b, 1 ]
from L*(R") to L"(R").

2. If () <@ ()t ", then the condition beBMO(R") is
necessary for the boundedness of |b, 1| from L*(R") to L*(R").

3.1f ®eV,, YeA,, P't)=0 ()t and the condition (9)
holds, then the condition be BMO(R") is necessary and sufficient for
the boundedness of |b, 1, | u3s L*(R") B L*(R").

As an application of the Theorem 6, we consider the boundedness

of the commutators of Riesz potential operator [b, 1] on Orlicz spaces

when b belongs to the Lipschitz spaces by which some new
characterizations of the Lipschitz spaces are given.

15



Theorem 9. Let O0< <1, O<a<n, O<a+pB<n,
be Ll (R")\{const}, &, ¥e).
1. If ® eV, and the conditions

foyre’ d—rr <Ct“/@(t™), (10)
L e
t " dH()<SCY (L), (11)

hold for all t >0, where C >0 does not depend on t, then the condition
beA,(R") is sufficient for the boundedness of [b,1,] from L®(R") to
LY(R").

2. If the condition

P(t) < CCI)‘l(t)t_a:ﬁ, (12)

holds for all t>0, where C>0 does not depend on t, then the
condition beA,(R") is necessary for the boundedness of |b,1,| from
L®(R") to LY (R").

3. If ® eV, condition (10) holds and ¥ *(t) ~ d)‘l(t)thﬁ, then
the condition be A s(R") is necessary and sufficient for the
boundedness of |b, 1| from L*(R") to L*(R").

Theorem 10. Let 0<pfB<1l, O<a<n, O<a+p<n,
bel (R")\{const}, ®,¥Ye).

1. If the conditions (10) and (11) are satisfied, then the condition
be A, (R") is sufficient for the boundedness of [b, I,] from L*(R") to
WLY (R").

1+¢

2. If the condition  (12) holds and is almost decreasing

w(t)
for some ¢>0, then the condition beAﬂ(R”) is necessary for the
boundedness of |b, 1| from L*(R") to WL* (R").
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a+p l+e

- . t
3.01f $it)~o(t)t ", condition (10) holds and
(t) (t) (10) YO

is
almost decreasing for some ¢>0, then the condition beA (R") is
necessary and sufficient for the boundedness of |b,1_| from L*(R") to
WL* (R").

The second chapter is devoted to the boundedness of the fractional
maximal, fractional integral operators and their commutators in
generalized Orlicz-Morrey spaces.

Section 2.1 provides the necessary facts about Orlicz-Morrey
space and generalized Orlicz-Morrey space.

Definition 6. Let ¢(x,r) be a positive measurable function on
R" x (0,00) and @ any Young function. We denote by A¢®#(R") the
generalized Orlicz-Morrey space, the space of all functions
f e L (R") for which

— 141 1
11l 0p= sup @ r)="®(BXN) ) fllo

xeR",r>0
A function ¢:(0,0) — (0,00) is said to be almost increasing (resp.
almost decreasing) if there exists a constant C > 0, such that
o(r) <Cep(s) (respectively o(r)>Cep(s)) tor <s.
For a Young function ®, we denote by g, the set of all almost

<o
(B(x.r))

decreasing functions ¢:(0,0) — (0,) such that %,te(o, ) IS
O (v, 1)
almost increasing.

In section 2.2, necessary and suffisient conditions are proved for
the Adams type strong (weak) boundedness of the fractional maximal
operator in generalized Orlicz-Morrey spaces.

Theorem 11. Let ® eV, and O<a <n. Let peQ, satisfy the

conditions

sup® (| B(x.O)[)ess inf @l(r)é)gfl) 3y <Cotan. 13
and
r“o(x,r)+ sup t“o(x,t) < Ce(x,r)”, (14)

r<t<oo

17



for some pe(0,1) and for every xeR" and r>0. Define
n(x,r)=p(xr)? and W(r)=®d(r"”"). Then the operator M, is
bounded from AM®¢(R") to M*"(R").

The following theorem is one of our main results.

Theorem 12 (Adams type result). Let 0<a<n, @ be any Young
function, p € Q,,, B<(0,1), n(t)=p(t)” and ¥(t) = D).

1.If ®ev, and ¢(t) satisfies (13) then the condition

t“@(t) + sup ree(r) < Co(t)”, (15)

t<r<oo

for all t>0, where C>0 does not depend on t, is sufficient for the
boundedness of m_ from M®?(R") to M™7(R").

2. If ¢ €G,, then the condition

t“p(t) < Co(t)”, (16)
for all t>0, where C>0 does not depend on t, is necessary for the
boundedness of M_, from M®¢(R") to M™*"(R").

3. Let eV, and ¢ €, satisfies condition
sup r“e(r) < Ct“o(t), (17)

t<r<oo

for all t>0, where C >0 does not depend on t, then the condition (16) is
necessary and sufficient for the boundedness of M_, from M®?(R") to

MR,
If we take @(t)=t", pe[l, ) and ,[5'=B with p<g<oo at
q

Theorem 12 we get the following new result for the generalized Morrey
spaces.

Corollary 1. Let 0<a<n, I<p<q<» and p€Q, =Q,.
1. If o(t) satisfies

ess inf (p(s)sB
sup —===————<Cop(r), (18)

r<t<oo —_
tp
then the condition
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p

t“o(t) + sup r“g(r) <Co(t)*,

t<r<oo

for all t>0, where C >0 does not depend on t, is sufficient for the

boundedness of M, from M®?(R") to Moo (R".

2.1f peg, =g, then the condition
p

t“p(t) < Col(t)*, (19)
for all t>0, where C >0 does not depend on t, is necessary for the
boundedness of M_ from M®?(R") to A" (R").

3. If peg, satisfies (17), then the condition (19) is necessary
and sufficient for the boundedness of M_, from MP?(R") to

M (R").
If we take
_ ®71(V;1t7n) — P (+VA
o(t) = —q)_l(V;lt_l) ,0<A<n, P(t)=D(t"”), f<(0,1],

B
Oyt | ¥, ")
ﬂ(t)z¢(t)ﬂ == N T I
O (v, 1)) YT, )
at Theorem 12, we get the following new result for Orlicz-Morrey
spaces.
Corollary 2. Let ® e V,, W(t) = D(t"”) and g<(01). If
« @) e P
sup r 17 -1.-2 < 17 —L—A\'
e DTV (vt
forall t>0, where C >0 does not depend on t, then the condition
B-1
q)fl -1¢-—n
t"<C %
O (v, 1)
for all t>0, where C>0 does not depend on t, is necessary and
sufficient for the boundedness of M, from M®*(R") to M¥*(R").
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Definition 7. For a Young function ® and 1R, we denote by
WM®**(R") the weak Orlicz-Morrey space, defined as the cpace of all

functions f eWLy, (R") with finite quasinorm

-
10y o= sup @B Koy lhyo -

xeR" r>0

Definition 8. Let ¢(x,r) be a positive measurable function on
R" x (0,0) and @ any Young function. We denote by w M®¢(R") the
weak generalized Orlicz-Morrey space, the space of all functions
f ewLy (R") for which

I F llypee= SUP (X, ) 201 B P )] [l iy <

xeR",r>0

Theorem 13. Let ® Young function and O<a<n. Let peQ),
satisfy the conditions (13) and (14). Define 77(X,t) = ¢(X,t)” and
Y(t) =®(t"”) B e(0,1). Then the operator M is bounded from
M®?(R") to WM (R").

Theorem 14 (Weak version of Adams type result). Let O<a<n,
® Young function, ¢ €Q,, fe(0,1) u 5(t)=¢(t)” and ¥(t) = d({"”).

1. If o(t) satisfies (13), then the condition (15) is sufficient for
the boundedness of M, from mM®?(R") to WM™ 7(R").

2. If peg,, then the condition (16) is necessary for the
boundedness of M, from M®?(R") to WM™ (R").

3. If ¢ g, satisfies condition (17), then the condition (16) is
necessary and sufficient for the boundedness of m_ from M®?(R") to
WM (R™).

In the Section 2.3 of the second chapter we obtain necessary and
sufficient conditions for the Spanne type and Adams type boundedness
of the commutator of the fractional maximal operator in generalized

Orlicz-Morrey spaces, respectively..
The following theorem is one of our main results.

Theorem 15 (Spanne type result). Let 0<a<n, ¢ €Q,, @, €Q,
and b e BMO(R").
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1. Let ¥ (t) =@ ()t and @, ¥ €A, NV,, then the condition
sup (1+In j‘P‘l(t "Yess inf o 2 <Cap,(r) (20)
r<t<wo tes<oo D7 (S )
for all r>0, where C>0 does not depend on r, is sufficient for the
boundedness of M, , from M*(R") to M** (R").
2.1f ¢, €G, and ¥ e A,, then the condition

t“g, () <Cg, (1) (21)
for all t>0, where C>0 does not depend on t, is necessary for the
boundedness of M, , from M*(R") to M** (R").

3. Let PN(t) =@ ()t ™" and D, ¥ eA,NV,. If ¢, €, satisfies
the condition

sup [l+ In t)t“qol(t) <Cr%p,(r) (22)
r<t<eco
for all r>0, where C >0 does not depend on r, then the condition (21)
is necessary and sufficient for the boundedness of M, , from AM®*(R")
to MY (R").

If we take ®(t)=t", Y(t)=t*, p,qe[l,o) at Theorem 15, we get
the following new result for generlized Morrey spces.

Corollary 3. Let p,qe[l,o), 0<a<n, 9 eQ =Q,, ¢, €€,

and b e BMO(R").

1 .
l.letl<p< L =— —g, then the condition
qa p n

<N
0[
£ 688 inf (pl(s)sB
sup (1+ In —j feew <Cep,(r)
r<t<oo r -
tq

for all r>0, where C>0 does not depend on r, is sufficient for the
boundedness of M, , from AP (R") to M*2(R").

2. If @ €G,, then the condition (21) is necessary for the
boundedness of M, , from AP (R") to M**(R").
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3. Let 1< p<£, 1=l—z. If ¢ €3, satisfies the condition (22), then
n

a q p
the condition (21) is necessary and sufficient for the boundedness of

M,, from A1P“(R") to M*”(R").
Theorem 16. Let O<a<n, be BMO(R"), ® Young function
with @ e A, NV,. Let p €, satisfy the conditions (20) and

F“ (X, 1)+ SUp (1+ In %jt“qp(x, £) < Cop(x, 1)’

r<t<oo

for some fe(0,1) and for every xeR" and r>0. Define
n(x,r)=e(x,r)’ and W(r)=d(r'”). Then, the operator M, , is
bounded from M*?(R") to M*7(R").

The following theorem is one of our main results.
Theorem 17 (Adams type result). Let O<a<n,®eA,, peQ,,

be BMO(R"), Be(0,1), n(r) =(r)” and ¥(r) = d(r"’).
1. If ®eVv, and ¢(t) satisfies (20), then the condition
r“o(r) + sup (1+ In ;j PO <Co(r)”

r<t<co
for all r>0, where C>0 does not depend on r, is sufficient for the
boundedness of M, , from M®*(R") to M*"(R").

2. If p €G,, then the condition
r“e(r) <Ce(r)” (23)
for all r>0, where C>0 does not depen on r, is necessary for the
boundedness of M, , from M®**(R") to M™¥7(R").

3. Let ®eV,. If peg, satisfies the condition

sup (1+ In %)(p(t)t“ <Crép(r)

r<t<oo

for all r>0, where C >0 does not depen on r, then the condition (23) is
necessary and sufficient for the boundedness of M, , from M®*(R")

to M¥7(R").
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If we take @(t)=t", pe[lwo) and g-L with p<q<w at
q

Theorem 17 we get the following new result for generalized Morrey
spaces.

Corollary 4. Let 0<a<n, 1<p<q<o, @€Q and be BMO(R").
1. If 1< p<oo and ¢(t) satisfies

n

ess inf (p(s)sB
sup (1+In Fj““w—nngD(r), (24)
tp

r<t<oco

then the condition

r“o(r)+ sup (1+ In E)go(t)t“ < C(p(r)ap

r<t<ewo r

for all r>0 and C>0 does not depend on r, is sufficient for the
boundedness of M, , from AMP2(R") to MO (R").

2. If ¢ €G,, then the condition
p

r“o(r) < Co(r)" (25)
for all r>0 and C>0 does not depend on r, is necessary for the

boundedness of M, from AM"?(R") to M*" (R").
3. Let 1< p<oo. If peg, satisfies the condition

sup (1+ In ij ot < Cq)(r)ap

r<t<eco r

for all r>0 and C >0 does not depend on r, then the condition (23) is
necessary and sufficient for the boundedness of M, , from AMP#(R") to

M (R").

In the paragraph 2.4 of the second chapter we get necessary and
sufficient conditions for the Spanne type and Adams type boundedness
of the Riesz potential 1, on the generalized spaces M®7, respectively.

Theorem 18 (Spanne type result). Let @,V be Young functions,
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O,¥YeyandO<a<n.

1.If the functions (®,¥) satisfy the conditions ® eV, and (6),
then the condition

essinf %‘P‘l w0 <co (1) (26)
T r<s<w r
for all t>0, where c>0 does not depend on t, is sufficient for the
boundedness of I, from A4®#(R") to MY (R").

2. If the function ¢, € G, , then the condition

t“p,(t) <Co, (1) (27)
for all t>0, where C>0 does not depend on t, is necessary for the
boundedness of I, from Aq®#(R") to MY (R").

3. Let the functions (o, ) satisfy the conditions ® eV, and (6). If
o, € G,, satisfies the regularity type condition
s} ‘P_]_
a0 <cra, (28)

forall t>0, where C >0 does not depend on t, then the condition (27) is

necessary and sufficient for the boundedness of |  from AM®*(R") to
M\l‘,(pz (Rn) .

If we take @(t) =t°, ¥(t)=t", p,qe[l, o) at Theorem 18 we
get the following new result for generalized Morrey spaces
Corollary 5. Let O<a<n and p,qe[l,).
11f 1< p< 2 and 1_1_ 2 then the condition
a g p n

n

»essinf ¢, (s)s”
I <S<oo (01( ) dr

———<Cp,(t) (29)
rd '

for all t>0, where C>0 does not depend on t, is necessary for the
boundedness of | from A1P#(R") to M (R").

2. If the condition ¢ G, =G, holds, then the condition (27) is
necessary for the boundedness of |  from AfP2(R") to A497: (R")

t
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3. Let 1< p<ﬂ and 1_1_a | @ €, satisfies the regularity
a g p n
condition

Tr“gpl(r)d—: < Ct“g,(t), (30)

for all t>0, where C >0 does not depend on t, then the condition (27) is
necessary and sufficient for the boundedness of |  from A¢°2(R") to

AP (Rn) .
The following theorem is one of our main results.
Theorem 19 (Adams type result for | ). Let O<a<n, ®e),

p(0,1) and 5(t) =p(t)”’, ¥(t)=dt").
1 If eV, and ¢(t) satisfies (13), then the condition

tp(t)+ | r“(p(r)d—rr <Co(t)’, (31)
t
for all t>0, where C >0 does not depend on t, is sufficient for the
boundedness of |  from A1®¢(R") to M*7(R").
2. If p g, , then the condition
t“p(t)< Co (1) (32)

for all t>0, where C>0 does not depend on t, is necessary for the
boundedness of | from A4®#(R") to M*7(R").

3.Let ®ev,. If peg, satisfies the regularity condition
j r“(p(r)% < Ct%gp(t) (33)
t

for all t>0, where C >0 does not depend on t, then the condition (32) is
necessary and sufficient for the boundedness of | from aq®e(r") tO
MPT(R").
If we take o(t)=t", pe[Lx) and p=P with p<q<co at Theorem
q

19 we get the following new result for generalized Morrey spaces.
Corollary 6. Let 1< p<qg<oo.

1. If p(t) satisfies (18), then the condition
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oo p
t(t) + j r“go(r)“'—rr <Co(t)?, (34)

t
for all t>0, where C>0 does not depend on t, is sufficient for the

boundedness of | from M"?(R") to M‘WE (R").
2. If peg, then the condition
P
t“(t) <Co(t)", (35)
for all t>0, where C>0 does not depend on t, is necessary for the
boundedness of | from M™*(R") to A" (R").
3. 1If peg, satisfies the regularity condition (33), then the

condition (35) is necessary and suffisient for the boundedness of |

from A(P2(R") t0 A% (R").

In the paragraph 2.5 of the second chapte we get necessary and
sufficient conditions for the Spanne type and Adams type boundedness
of the commutator [b,1,] on generalized Orlicz-Morrey spaces,

respectively.
The following theorem is one of our main results.

Theorem 20 (Spanne type result for [b,1,]). Let O<a<n and
be BMO(R").

1. Let @ be Young function and ¥ defined, via its inverse, by
setting, for all t: ¥(t) :=®(t)t ", t € (0,00). If d, ¥ eA, NV, then
the condition

[ 1(S)
J;(1+Inrjets<s;igf®¢( )‘P Yt )—<C(p2(r)

for all r>0, where C>0 does not depend on r, is sufficient for the
boundedness of |b, 1| from A2 (R") tO A" (R").

2. Let @, ¥ be Young functions. If weA, and ¢, € G,,, then the
condition (27) is necessary for the boundedness of |b,I | from
M(I),(pl(Rn) to M‘P,(pz (Rn)
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3. Let @ be a Young function and W defined, via its inverse, by
setting, for all te(0,00),Y*(t)=0(t)t™*" and ®,¥eA,NV,. If
¢, € G, satisfies the regularity type condition

o0

| (1+ In— ]t“gol(t)—<Cr o, (r), (36)

r

for all r>0, where C>0 does not depend on r, then the condition (27)
is necessary and sufficient for the boundedness of |p,1_ | from

MP2(R") 10 MT 7 (R").
Theorem 21 (Adams type result for [b,1 ]). Let 0<a <n, ®e),
be BMO(R"), A< (0,1) and 77(t) = oo(t)? and W (t) = D(t"7).
LIf ®eA, NV, and @(t) satisfies the condition

i‘fi(uln jcp-lq B(x, t)|‘1)e?<ssizfq) (IqDE(ﬁ( S)s)rl) Co(x, 1),

where C does not depend on x and r , then the condition
r“o(r) + j(l+ In— jq)(t)t“ <Cop(r)’,

for all r>0, where C>0 does not depend on r, is sufficient for the
boundedness of |b, 1 | from A®¢(R") to M*7(R").

2.1f ®eA, and ¢ G, then the condition (32) is necessary for
the boundedness of |b, 1 | from A1®2(R™) tO M7 (R").

3.Let DeA,NV,. If peg, satisfies the conditions

sup (1+ In jgo(t) <Cop(r), (37)

r<t<oo

and

o0

_[(1+In j (t)t"’—<Cr o(r), (38)

r

for all r>0, where C>0 does not depend on r, then the condition (32) is
necessary and sufficient for the boundedness of |b, 1 | from A4 (R")

to MY 7(R").
In the section 2.6 of the second chapter was obtained necessary
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and sufficient conditions for the Spanne type and Adams type weak
boundedness of Riesz potential 1 in weak generalized spaces

W M®?(R"), respectively.
Theorem 22 (Weak version of Spanne type result). Let 0<a <n
and @, ¥ are Young functions, ®,¥ .

1. If the functions (®,¥) satisfy the condition (6), then the
condition (26) is sufficient for the boundedness of 1, from A(®#(R") to
W MY (R).

2. If the function ¢, e G, , then the condition (27) is necessary for
the boundedness of |, from A®2(R") to W ALY (R").

3. Let the functions (®,¥) satisfy the condition (6). If ¢ €,
satisfies the condition (28), then the condition (27) is necessary and
sufficient for the boundedness of 1, from A®2(R") to WAL (R") .

The following theorem is one of our main results.
Theorem 23 (Weak version of Adams type result). Let 0 <« < n,

de), Be(01) unt)=pt)’, ¥t)=o(t").

1. If o(t) satisfies (13), then the condition (31) is sufficient for
the boundedness of 1, from A(®¢(R") to W M¥7 (R").

2. If peg,, then the condition (32) is necessary for the

boundedness of I, from A(®¢(R") to W AM*7(R").

3. If peg, satisfies the regularity condition (33), then the
condition (32) is necessary and sufficient for the boundedness of |,
from pM@2(R") to WAMY7(R").

The third chapter is devoted to the boundedness of the maximal
operators and integral operators in some modular weighted spaces.

In section 3.1, we obtain necessary and sufficient conditions for
the boundedness of the maximal operator and its commutator in

generalized weighted Orlicz-Morrey spaces.
Definition 9. For, 1<p<w, a locally integrable function

w:R" —[0,) is said to be an A, weight if
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»
sup(ijw(x)dx][ijw(x)’;dx] p < oo,
Bes | | By |Bls

A locally integrable function w:R"—[0,0) is said to be A
weight if

%!W(y)dyst(x), ae xeB

for some constant ¢ >0. We define A, =U _ A,.

For any we A, and any Lebesgue measurable set E, we write

W(E) = j w(x)dx .

Definition 10. Let ¢ be a positive measurable function on
R" % (0,), let w be non-negative function on R" and ® any Young
function. Denote by MJ?(R") the generalized weighted Orlicz-Morrey
space, the space of all function f e L>'°(R") such that

1 llyeo= sup @06 1) @ WBO ) I g g0, =

xeR",r>0

ESUp¢(B)_1CD_1(W(B)_1)” f I||_$(B)<OO'

BeB
The following theorem is one of our main results.

Theorem 24. Let @ be a Young function and ¢,,¢, positive
measurable functions on R" x(0,0).
LIf®oev,and we A_, then the condition

e gy ¢ 0 D =Cen), @9

where C does not depend on x and r, is sufficient for the boundedness of
M from M (R") to M2 (R").
2. If the function ¢, € G , then the condition
@ (X, 1) <Cop,(X,T), (40)
where C does not depend on x and r, is necessary for the boundedness
of M from MJ*(R") to M (R").
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3. Let eV, and we A_. If ¢ Gy, then the condition
(40) is necessary and sufficient for the boundedness of M from
MP%(R") to M2 (R").

Denote by WM(R") the weak generalized weighted Orlicz-
Morrey space,the space of all functions f eWLﬁ""c (R") such that

xeR" r>0

Teopema 25. Let @ be a Young function and ¢,,¢, positive
measurable functions on R" x (0, 0).

1. If we A, then the condition (39) is sufficient for the
boundedness of M from M &% (R") to WM % (R").

2. If the function ¢, € Qv‘f, then the condition (40) is necessary
for the boundedness of M from M 2% (R") to WM > (R").

3. Let We Aq). If ¢, €G,, then the condition (40) is necessary
and sufficient for the boundedness of M from M®2(R") to
WM &2 (R™).

For the boundedness of the commutator M, is valid

Theorem 26. Let be BMO(R"), @ be a Young function and ¢, ¢,
positive measurable functions on R" x(0,x).

1. Let ®eA,nV, and w e A, then the condition

iieo(lﬂn jCD‘l(W(B(x t))‘l)e?i:gf (D‘l(q)z(B(S)s)) iy < Co,(x,1),

where C does not depend on x and r, is sufficient for the boundedness of
M, from M *(R") to M 222 (R").
2.If ®eA,, ¢, Gy and we A, then the condition (40) is
necessary for the boundedness of M, from M2 (R") to M 272 (R").
3. Let DeA,NV, and we A. If ¢, G, satisfies the condition
sup (l+ In— j(pl(x t) <Cq(X,r),

r<t<oo
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where C does not depend on x and r, then the condition (40) is
necessary and sufficient for the boundedness of M, from MJ*(R") to
M2 (R").

In the paragraph 3.2 of third chapter we obtain bondedness of

maximal operator on the vector-valued generalized weighted Otlicz-
Morrey spaces.

Definition 11. Let ¢ be positive measurable function R" x (0, )

and w be non-negative measurable function on R", ® be any Young
function and 1< q <. The vector-valued generalized weighted Orlicz-

Morrey spaces M, "(I.)=M,(l,,R") is defined as the set of all
sequences F ={f}7, of Lebesgue measurable functions on R" such
that

Il A F o= HF O I,

The main result of the paragraph is
Teopema 27. Let 1<g<wo, @® be a Young function with

deA,NV,, We A and (D,¢,,p,) sarisfies the condition

< 0,
Mo

K : @ (X) =) A ﬁ
[ (efiggf @l(W(B(m»l)]cb (B 0) ) % <Co, ),

where C does not depend on x and r. Then the maximal operator M is
bounded from M, (l,) to M, *(l,), i.e., there is a constant C >0 such

that

IMF| ... <CIFI

w2 09) w1 0g)
holds for all F={f}/, e M2 (,)-
Note that for g = oo, we have the following more general result.
Theorem 28. Let we A , @<V, and (D,¢,9,) satisfies the
condition (39). Then the maximal operator M is bounded from
M2 () to M7 (1 ), i.e., there is a constant C>0 such that

I MF | <CIF

My %2 (1,,) My “(1,,)
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holds for all F ={f}7, eM,"(,).

Section 3.3 of the third chapter gives conditions of an integral-
type on weights that ensure the boundedness of the Riesz operator from
one modular p-convex weighted BFS to another and prove the two-
weight inequality for the potential. In particular, sufficient conditions
are given on weight functions that ensure the boundedness of the Riesz
potential in the Musilak-Orlicz space.

Let (Q, i) be a complete o-finite measure space. By L, =L (Q, 1)

we denote the collection of all realvalued y-measurable functions on

Q.

Definition 12. We say that a real normed space X is a Banach
function space (BFS) provided that:

P1) the norm | f ||, is defined for any y-measurable function f

and, moreover, f e X if and only if || f ||, <o and || f |, =0 if and
onlyif f =0 a.e,,

P2 1 f 11 =lll I forall feX,

Ps)ifo<f T f<g ae.,then| f || 1| f|l, (Fatou property),

P4) if E is a measurable subset of Q such that x(E)<w, then
| z <o, Where . is the characteristic function of the set E,

Ps) for any measurable set EcQ with g(E)<w, there is a
constant C_ > 0 such that

[ foodx<Cell Tl
E

Let Z ={0,+1,+2,...}. For K € Z we define
E, ={xeR":2" | x| 2"}, E, ={xeR":2"" < x|< 27},
E.,={xeR"(x|<2"},  E,={xeR":|x|>2}
The main result of the section is
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Theorem 29. Let v(x) and w(x) be weight functions on R". Let X and
Y be Banach function spaces of functions on R" with the Lebesgue
measure and norms ||.|| and .|| respectively. Suppose that
X, (R") and Y,(R") is corresponding weighted spaces and there
exists p>1 such that Y (R") is a p-convex Banach function space.
Let I, e[L,(R");Y(R")] X,(R")=L,,(R") and let satisfy the
following conditions:

alp'
1)A:sup£ [ v(y)p'dyj %[ |
Iyl<t

X
0 | Iyl<x

X(R") Y(R")'

1) p
v(y)™® dyJ <o

Y,

w

t>0

Blp Ay
2) Bsup[f (v(y)[y[™) " dy Z{M}[ J (v(y)| yl“s)"'dy] <o,
lyl>t

Iyi>x
YW

where 0 < e, B <1,
3) 3C >0, that

esssupw(y) <Cessinfv(y), vkez,

yeE, yeEy »

4) 3C >0 ,that

100 | 26, I oy <CIMN G| 26, 12 oy -
k k

Then 1, e[X,(R");Y,,(R")].

In the fourth chapter, integral operators are studied in some
function spaces of Morrey type. The first paragraph of the fourth
chapter sets the necessary and sufficient conditions for the boundedness
of the multisublinear fractional maximal operator A4, . on the product

of modified Morrey spaces.
Definition 13. Let 1< p<ow, 0<2<n. We denote by L"*(R") the
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Morrey space, and by WLP*(R") the weak Morrey space, the set of

locally integrable functions f (x), x e R", with the finite norms
A A

|| f |||_Pvl: Sl'r“lp r P || f ||Lp(B(X,I’))1 || f ”WLDJZ Sl'r‘!p r P || f ||WLp(B(X,I'))
xeR" t>0 xeR" t>0

respectively.

Definition 14. Let 1< p<ow, 0<A<n, [r]=min{Lr}. We denote by
L**(R") the modified Morrey space, and by wrCP#(R") the weak
modified Morrey space, the set of locally integrable functions
f (x), xe R", with the finite norms

A A
1 lle= SUp IF1 P I gy 1 F o= SUP IF1 11 F lhs ey

xeR",r>0 xeR",r>0

respectively.
Let 1<s<w, Qels(S™*) be a homogeneous function of degree

zero on R™. The multisublinear fractional operator M, .~ with rough
kernels Q is defined by

- 1 T -
/\/tﬂya’m(f)(x)zsug) e J'B(ar)|Q(y)| | || f,(x-y;)[dy, 0<a<nm.
r>| ’ j:]_

The following theorem is one of our main results.

Theorem 30. Let 0<a <mn, 1SS'<m and Qel’(S™?).

[04
m A /L A A
Suppose that L =2% L1-=,
J'Z;pj pjz-l:qj q

() If p>s, 21 1« and og,zj<n_a_pi, then the
mn p, q; mn-4;) m

conditon <1 1. @

n p qg n-A4
boundedness of the operator A4, .. from product modified Morrey
space LP*(R")x---x [P»* (R") to the modified Morrey space [*(R").
Moreover, there exists a positive constant C such that for all
f e P4 (R")x---x [P (R")

is necessary and sufficient for the
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”'/\/{Q,a,mf ”Lqﬂ.—CH” f ||~pj Aj

iy If p=s, “<t 1 o @ ango<i<n-220 then
mn p, pg; mh-4) m
the condition ﬂgl_lg% is necessary and sufficient for the
n s g n-

boundedness of the operator A4, . from product modified Morrey
space [™*%(R")x---x [P (R") to the weak modified Morrey space
WL*(R"). Moreover, there exists a positive constant C such that for all
fePA(R")x---x o/ (R")

m
”'/\/L’Z,a,mf ||WEQ/SCH“ f] ”I:pj,?nj .

(iii) If g<MN=4 <p<— then the operator A4, . is bounded
a

from [ (R") x---x [P (R") to L= (R").

Section 4.2 of the fourth charter describes the necessary and
sufficient conditions for the boundedness of the multilinear fractional
integral operator |, - on the product of Morrey spaces and on the

product of modified Morrey spaces.
The multilinear integral operator with rough kernels €2 is defined

by
. Ry (Y ~
loun(H00 = | Q@) Wl gy
EY | (X= Yy X= Y5 |
Theorem 31. Let O<a<mn, 1<s<w and Qel’(S™7). Let
also Z_z_, i_i:L and ()<}L <n-—~L pJ j=1..,m.
j=1 p] p p] qJ m(n_/,i]) m
(i) If p>s and zﬁ:i then the condition L _1__2 s
“q, q p g n-i

necessary and sufficient for the boundedness of the operator |

Q,a,m
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from product Morrey space L™*(R")x---x LP»* (R") to L"*(R").
Moreover, there exists a positive constant C such that for all
f el (R")x--x L (R")

m
Mo gmfllen< C1__[|| f; ||Lp,- 4

(i) If p=s and , N , then the condition
Z—J; P;q; Jz_ll P;q;
l_l:L Is necessary and sufficient for the boundedness of the
p g n-A4
operator |, . from product Morrey space L™%(R")x---x L™ (R")

to wL**(R"). Moreover, there exists a positive constant C such that for
all fel™(R")x--x L (R")

m
” IQ,a,mf ”WLq,ASCH” fj ”ij,ij '
j=1

The following theorem is one of our main results.
Theorem 32. Let O<a<mn, 1<s<oo and QeLl*(S™"). Let also

moA
Z—’:— 1 12 and osﬂ,j<n—i,j_1,...,m.
j= pj p p] q] m(n_/’l’J) m
(i) If p>s and iﬁzi, then the condition 2<% 1. % s
=d; 9 n pgq n-4

necessary and sufficient for the boundedness of the operator I, , . from
product  modified Morrey spaces L[™%(R")x---x[™*(R") to
L**(R"). Moreover, there exists a positive constant C such that for all
fel™%(R")x---x [P (R")

” Qamf |||_q/1—CH|| f ” pjll

m

(i) If p=s and /IZ Z , then the condition
él.qu j—lqu
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a 1l 1__«a
n p q n-A4

the operator |,, . from product of modified Morrey spaces
[P (R") x---x [P»* (R") to weak modified Morrey space WL (R").
Moreover, there exists a positive constant C such that for all
f e (M (R")x---x [P/ (R")

m
| IQ,a,mf |L\/[qlSCH” fJ |||:Pj/1j '
j=1

In the section 4.3, sufficient conditions are found for (¢, @, @),

that ensure the boundedness of the parametric Marcinkiewicz integral
from one generalized Orlicz—Morrey space to another. As an application
of this result, the boundedness of the Marcinkiewicz integral associated
with the Schredinger operator in the generalized Orlicz-Morrey space is
proved.

The parametric Marcinkiewicz integral operator of higher
dimension as follows:

1o (1)) = (j

where 0< p<n.
We will also use the numerical characteristics of Young functions:
td'(t) _ td'(t)
a, = —=, b, = .
te(0.0) (1) te(0,0) D(t)
Theorem 33. Let 0< p<n, @ any Young function, ¢,,9, and ®
satisfy the condition
¢,(5) o gy dt
| [e?iiﬂf 18091 )] (1B D" <Coy(xr),  (4D)
where C does not depend on x and r. Let also Q e L*(S"?). If @ satisfies

is necessary and sufficient for the boundedness of

v s -y e

1f Q(x—y) ()y‘dt}’

the condition 1<a, <b, <o, then the operator g, is bounded from
M®2(R") to M®?2(R").
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Similar to the classical Marsinkiewicz function, we define the
Marsinkiewicz functions x; associated with the Schredinger operator L

by
1
o 2dt )2
ﬂ;f(x):[jo Fj ,

where  K;(x,y)=K;(xy)|x-y| and Ki(xy) is the kernel of

Jl, KL )y

Theorem 34. Let VB, ® be a Young function and (¢, ¢,)
satisfies the condition (41). If 1<a, <b, <o, then the operator ij is
bounded from M ®? to M®*,

COLCLUSIONS

The dissertation is devoted to obtaining criteria for the
boundedness of maximal operators and integral operators in some
function spaces.

One of the main achievements of recent decades, affecting the
appearance of harmonic analysis, consists in successfully attracting
ideas and techniques from the theory of maximal operators and integral
operators such as potentials. These ideas and methods are applied in the
theory of partial differential equations, function theory, functional
analysis, probability theory, problem of approximation theory, harmonic
analysis and other branches of mathematics. Therefore, the topic of the
dissertation is relevant and is of special scientific interest.

In the dissertation, the following results were obtained.

1. Necessary and sufficient conditions for the boundedness of
fractional maximal operators and their commutators in Orlicz spaces are
proved.

2. Necessary and sufficient conditions for the boundedness of the
Riesz potential and its commutator in Orlicz spaces are proved.
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3. Necessary and sufficient conditions for the boundednes of
fractional maximal operators and their commutators in generalized
Orlicz-Morrey spaces are proved.

4. Necessary and sufficient conditions are found for the
boundedness of the Riesz potential and its commutator in generalized
Orlicz-Morrey spaces.

5. Necessary and sufficient condition for the boundedness of the
Riesz potential is proved.

6. Necessary and sufficient conditions for the boundedness of the
maximal operator and its commutator in the generalized weighted
Orlicz-Morrey spaces are proved.

7. The boundedness of the maximal operator in generalized
vector-valued weighted Orlicz-Morrey spaces is studied.

8. Two-weighted inequalities for the Riesz potential in p-convex
weighted modular Banach function spaces are proved.

9. Necessary and sufficient conditions are proved for the
boundedness of multisublinear fractional maximal operator on product
Morrey spaces.

10. Necessary and sufficient conditions are proved for the
boundedness of multilinear fractional integral operator on product
Morrey spaces and on product modified Morrey spaces.

11. The boundedness of the Marcinkiewicz parametric integral on
generalized Orlicz-Morrey spaces in studied.

Note that the results obtained on the dissertation are theoretical.

In conclusion, the author expresses deep gratitude to his scientific
adviser, corr. member of NASA, prof. V.S. Guliyev for his sonstant
attention to the work, valuable advice and useful discussions.
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