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GENERAL CHARACTERISTICS OF THE WORK 

  

Rationale of the topic and the degree of development. This 

dissertation is devoted to study mixed problems for the nonlinear 

wave equations with transmission acoustic conditions and mixed 

problems for nonlinear hyperbolic and parabolic equations with 

memory operators. 

Some problems in fluid and gas mechanics are reduced to 

solving mixed problems with acoustic boundary conditions. In this 

area, the first mathematical research was carried out in the work of 

J.T.Beale, S.I.Rosencrans. In this work, the authors derived the 

equations in the domain 3R  with the boundary  : 

0 uutt   in     ,0 , 

         t

u








   on    ,0 , 

         tttt ukdm 0    on    ,0 , 

as a theoretical model to describe the irrotational perturbations of a 

fluid. Here kdm ,,,0  are physical constants, the function  txu ,  is 

the velocity potential of the fluid and  tx,  models the normal 

displacement of the point x  at the time t . To obtain this model 

the authors assumed that each point of the surface   acts like a 

spring in response to the excess pressure and that each point of   

does not influence each other. Surfaces with this characteristic are 

called locally reacting. 

Numerous works are devoted to the study of mixed problems 

with acoustic boundary conditions, in which the results similar to 

those for the case of mixed problems with Dirichlet or Neumann 

boundary conditions are obtained. In some works acoustic boundary 

conditions are imposed together with the homogeneous Dirichlet 

condition on a part of the boundary. In the work of A.T. Cousin, C.L. 

Frota, N.A. Larkin the existence, uniqueness and exponential decay 

of global solutions for the mixed problem for a generalized system of 

equations of the Klein-Gordon type with acoustic boundary 
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conditions on one part of the boundary and a homogeneous Dirichlet 

condition on the remaining part of the boundary are proved. In the 

work of C.L.Frota, A.T.Cousin, N.A.Larkin the authors obtained 

results on the decay of solutions for the nonlinear wave equation 

when 1n ; similar results were obtained by J.Y. Park, S.H. Park. 

C.L.Frota, J.A.Goldstein proved the existence and uniqueness of 

global solutions for a mixed problem with acoustic boundary 

conditions on one part of the boundary and a homogeneous Dirichlet 

condition on the remaining part of the boundary. In some works, 

acoustic boundary conditions are imposed on an entire boundary. 

C.L.Frota, L.A.Medeyros, A.Vicente proved the existence, 

uniqueness and exponential decay of global solutions for a mixed 

problem in a domain with a nonlocally reacting surface, and also the 

existence and uniqueness of solutions in the case of a nonmonotone 

dissipative term. J.M.Jeong, J.Y.Park, Y.H.Kang proved the blow-up 

of solutions for a quasilinear wave equation with acoustic boundary 

conditions on one part of the boundary and a homogeneous Dirichlet 

condition on the remaining part of the boundary. In the work of 

P.J.Graber, B.Said-Houari results on local existence, global 

existence, decay and blow-up of solutions of a mixed problem for the 

wave equation with semilinear acoustic boundary conditions are 

obtained.  

Transmission problems arise in some applications of physics 

and biology. Transmission problems for hyperbolic equations are 

investigated in the work of R.Dautray, J.L.Lions, where the 

uniqueness and regularity of solutions for the linear problem are 

proved. In the work of J.E. Muñoz Rivera, H. Portillo Oquendo the 

transmission problem for viscoelastic waves is considered and the 

exponential decay of solutions is proved. D.Andrade, L.H.Fatori, 

J.E.Muñoz Rivera proved the existence and exponential decay of 

global solutions for the transmission problem. In the work of J.J.Bae 

the transmission problem is studied, where one component is 

clamped, and the other is in a viscoelastic fluid, and a result on the 

exponential decay of solutions is obtained. In the work of 

W.D.Bastos, C.A. Raposo the transmission problem with friction 
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dissipation was studied and a result on the existence and uniqueness 

of solutions was obtained and the exponential stability of the total 

energy was established. A.B.Aliev, E.H.Mammadhasanov studied 

the transmission problem, for which a result on the existence and 

uniqueness of solutions was established by the method of dynamic 

regularization of boundary conditions and transmission conditions.  

But none of these works considered mixed problems with 

transmission acoustic conditions, to the solution of which some 

problems of fluid and gas mechanics are reduced. In the dissertation 

work such mixed problems with transmission acoustic conditions for 

nonlinear wave equations are considered.  

Differential equations with memory, especially the equations 

with hysteresis, are of great importance among nonlinear partial 

differential equations. The concept of a hysteresis operator was first 

introduced in the work of M.A.Krasnoselsky and A.V.Pokrovsky. 

Studying the solvability of the Cauchy problem and initial-boundary 

value problems for partial differential equations with such 

nonlinearities is a nontrivial problem. Equations with memory are 

especially difficult if the memory operator is under the time 

differentiation operator. The global solvability and the absence of 

global solutions for quasilinear Sobolev equations, when the 

nonlinear term is under the differentiation operator with respect to t , 

have been studied in sufficient detail in the monograph by A.G. 

Sveshnikov, A.B. Alshin, M.O. Korpusov and Yu.D. Pletner. Of the 

subsequent studies carried out in this direction, one can note the 

works of M.O.Korpusov and A.G. Sveshnikov. In the works of A. 

Visintin, M. Hilpert the corresponding problems with a memory 

operator are investigated applying the results of the theory of 

nonlinear semigroups. The existence, uniqueness, asymptotic 

character of periodic solutions of similar problems for semilinear and 

quasilinear hyperbolic equations were investigated in the works of 

P.Krejci. In the dissertation work, initial-boundary value problems 

with memory operators are studied in more detail, in which the 

memory operator is under the differentiation operator with respect to 

t . 
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In the dissertation work two main areas are considered. 

1. Mixed problems with transmission acoustic conditions for 

nonlinear wave equations are studied. It is of great interest to prove 

the existence of a minimal global attractor for such problems. 

2. Initial-boundary value problems for nonlinear hyperbolic 

and parabolic equations with memory operators under the time 

differentiation operator are studied. 

Object and subject of the research. The main object of the 

dissertation work is mixed problems with transmission acoustic 

conditions for nonlinear wave equations and initial-boundary value 

problems for nonlinear hyperbolic and parabolic equations with 

memory operators. The subject of this research is the study of the 

behaviour of solutions of mixed problems with transmission acoustic 

conditions for wave equations with nonlinear focusing and 

defocusing sources and initial-boundary value problems for 

hyperbolic and parabolic equations with memory operators and 

hysteresis nonlinearities.             

Goal and tasks of the research. The main goal and objective 

of the research is to study initial-boundary value problems with 

transmission acoustic conditions for nonlinear wave equations, to the 

solution of which some problems of fluid and gas mechanics are 

reduced; as well as to study initial boundary value problems for 

nonlinear hyperbolic and parabolic equations with memory operators 

and hysteresis nonlinearities, that arise in various biological, 

technological and chemical processes.  

Investigation methods.  The dissertation work uses the 

methods of the theory of differential equations, the theory of 

functional analysis, the theory of semigroups, including the 

compactness method, embedding theorems, the principle of 

contracting mappings and the discretization method. 

Key points of the dissertation which will be defended: 

• the investigation of the existence and uniqueness of solutions to the 

initial-boundary value problem with transmission acoustic conditions 

for nonlinear wave equations with focusing sources; 
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• the study of the behaviour of solutions of the initial-boundary value 

problem with transmission acoustic conditions for nonlinear wave 

equations with focusing sources; 

• the investigation of the existence of solutions to the initial-

boundary value problem with nonlinear transmission acoustic 

conditions for nonlinear wave equations with focusing sources; 

• the investigation of the existence of solutions to the initial-

boundary value problem with transmission acoustic conditions for 

nonlinear strongly dissipative wave equations with focusing sources; 

• the investigation of the existence of solutions to the initial-

boundary value problem with transmission acoustic conditions for 

nonlinear wave equations with defocusing sources; 

• the study of the behaviour of solutions of the initial-boundary value 

problem with transmission acoustic conditions for nonlinear wave 

equations with defocusing sources; 

• the investigation of the existence of a minimal global attractor for 

an initial-boundary value problem with transmission acoustic 

conditions for nonlinear wave equations with defocusing sources; 

• the investigation of the existence and behaviour of solutions of 

initial-boundary value problems for semilinear hyperbolic and 

quasilinear parabolic equations with memory operators; 

• the investigation of the existence of solutions to a mixed problem 

for a system of semilinear hyperbolic equations with memory 

operators; 

• the investigation of the existence of weak solutions of a mixed 

problem with acoustic boundary conditions for a semilinear 

hyperbolic equation with a memory operator. 

 Scientific novelty of the research. The following main 

results were obtained. 

• the existence and uniqueness of local weak and local strong 

solutions of the initial-boundary value problem with transmission 

acoustic transmission conditions for nonlinear wave equations with 

focusing sources were proved; 

• if  
21

,min qqp  , a result on the existence of global weak 

solutions for an initial-boundary value problem with transmission 
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acoustic conditions for nonlinear wave equations with focusing 

sources was obtained and if  
21

,max qqp  , a result on the blow-

up of weak solutions of this problem in a finite time was obtained; 

• a result on the existence and uniqueness of local weak solutions of 

an initial-boundary value problem with nonlinear transmission 

acoustic conditions for nonlinear wave equations with focusing 

sources was obtained; 

• the existence of local weak solutions of the initial-boundary value 

problem with transmission acoustic conditions for nonlinear strongly 

dissipative wave equations with focusing sources was proved; 

• the existence, uniqueness and exponential decay of global strong 

solutions of the initial-boundary value problem with transmission 

acoustic conditions for nonlinear wave equations with defocusing 

sources were proved; 

• a result on the existence of a minimal global attractor for an initial-

boundary value problem with transmission acoustic conditions for 

nonlinear wave equations with defocusing sources was obtained; 

• the existence and uniqueness of solutions to the initial-boundary 

value problem for a semilinear hyperbolic equation with a memory 

operator were proved, a result on the existence of a minimal global 

attractor for this problem was obtained; 

• the existence of solutions to the initial-boundary value problem for 

a quasilinear parabolic equation with a memory operator was proved 

and the result on the uniqueness of solutions in the case of hysteresis 

nonlinearity was obtained; 

• the result on the existence of solutions to the initial-boundary value 

problem for a fourth-order semilinear hyperbolic equation with a 

memory operator was obtained; the existence of a minimal global 

attractor for this problem was proved; 

• the result on the existence of solutions to the mixed problem for a 

system of semilinear hyperbolic equations with memory operators 

was obtained; 

• the existence and uniqueness of solutions to the mixed problem for 

the Timoshenko system with a memory operator were proved; 
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• a result on the existence of weak solutions of a mixed problem with 

acoustic boundary conditions for a semilinear hyperbolic equation 

with a memory operator was obtained.  

Theoretical and practical value of the research. The results 

obtained in the dissertation are new and are of theoretical and applied 

interest. They can be used in some problems of fluid and gas 

mechanics, as well as in various biological, technological and 

chemical processes. 

Approbation and application. The results of the dissertation 

were presented at the seminars of the department of the faculty of 

Mechanics and Mathematics of Baku State University “Differential 

and integral equations” (doc. of phys.-math. sc. Y.T.Mehraliyev), at 

the seminars of the faculty of Mechanics and Mathematics of Baku 

State University (doc. of phys.-math. sc.,  prof. N.Sh.Isgandarov), at 

the seminars of the department of the faculty of Applied 

Mathematics and Cybernetics of Baku State University “Equations of 

mathematical physics” (doc. of phys.-math. sc.,  acad. 

Y.A.Mamedov), at the seminars of the department “Differential 

equations” (doc. of phys.-math. sc., prof. A.B.Aliev), at the seminars 

of the Institute of Mathematics and Mechanics of the National 

Academy of Sciences of Azerbaijan (corr.-member of NASA, doc. of 

phys.-math. sc., prof. M.J.Mardanov); at the international conference 

on mathematics and mechanics dedicated to the 50th anniversary of 

the Institute of Mathematics and Mechanics of the National Academy 

of Sciences of Azerbaijan (Baku, 2009), at the Third Congress of the 

World Mathematical Society of Turkish Countries (Almaty, 2009), at 

the IV international conference "Functional Differential Equations 

and their applications” (Makhachkala, 2009), at the international 

conference dedicated to the 80th anniversary of acad. F.G.Maksudov 

“Spectral theory and its applications” (Baku, 2010), at the 

international school-seminar “Nonlinear analysis and extremal 

problems” (Irkutsk, 2010), at the international conference dedicated 

to the 100th anniversary of acad. Z.I.Khalilov (Baku, 2011), at the VI 

international scientific conference “Functional differential equations 

and their applications” (Makhachkala, 2013), at the international 
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conference dedicated to the 55th anniversary of the Institute of 

Mathematics and Mechanics of the National Academy of Sciences of 

Azerbaijan (Baku, 2014), at the V International Scientific 

Conference “International Kolmogorov Readings - XIV, dedicated to 

the 100th anniversary of prof. Z.A.Skopets” (Koryazhma, 2017), at 

the XII international conference “Fundamental and applied problems 

of mathematics and informatics” (Makhachkala, 2017), at the VI 

congress of the Turkic world mathematical society (Astana, 2017), at 

the international conference dedicated to 100th anniversary of 

S.G.Krein (Voronezh, 2017), at the international conference 

dedicated to the 70th anniversary of prof. G.A.Isakhanly (Baku, 

2018), at the international scientific-practical conference ”The latest 

achievements and successes in the development of technical 

sciences” (Krasnodar, 2018), at the VI International Conference on 

Control and Optimization with Industiral Applications (Baku, 2018), 

at the IX International Conference of the Georgian Mathematical 

Union (Batumi-Tbilisi, 2018), at the international scientific-practical 

conference “Contemporary Mathematics and its Applications” 

(Grozny, 2018), at the V International conference dedicated to the 

95th anniversary of L.D.Kudryavtsev "Functional spaces" (Moscow, 

2018), at the international conference dedicated to the 90th 

anniversary of acad. Azad Mirzadzhanyzade (Baku, 2018), at the 

international conference dedicated to the 80th anniversary of acad. 

Mirabbas Kasimov (Baku, 2019), VIII International Eurasian 

Conference on Mathematical Sciences and Applications Dedicated to 

the 100th Anniversary of Baku State University (IECMSA-2019) 

(Baku, 2019), at the XIII international conference dedicated to the 

55th anniversary of the Faculty of Mathematics and Computer 

Sciences (Makhachkala, 2019), at the IV Russian Conference with 

international participation “Mathematical Modeling and Information 

Technologies” (Syktyvkar, 2020). 

Personal contribution of the author. All the results obtained 

in the dissertation belong to the author. 

- A result on the existence of global weak solutions for an initial-

boundary value problem with transmission acoustic conditions for 
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nonlinear wave equations with focusing sources was obtained, if 

 
21

,min qqp   and a result on the blow-up of weak solutions of 

this problem in a finite time was obtained, if  
21

,max qqp  ; 

- A result on the existence of a minimal global attractor for an initial-

boundary value problem with transmission acoustic conditions for 

nonlinear wave equations with defocusing sources was obtained; 

- A result on the existence of a minimal global attractor for an initial-

boundary value problem for a semilinear hyperbolic equation with a 

memory operator was obtained. 

Publications. 53 scientific works have been published on the 

topic of the dissertation: publications in editions recommended by 

HAC under the President of the Republic of Azerbaijan - 21, 

conference materials - 1, abstracts - 31. 

The name of the institution where the dissertation work 

was performed. Baku State University and Institute of Mathematics 

and Mechanics of the National Academy of Sciences of Azerbaijan. 

 Structure and volume of the dissertation (in signs, 

indicating the volume of each structural subsection separately). 
The title page consists of 389 signs, contents - 3321 signs, the 

introduction – 76000 signs, the main content of the dissertation – 

388000 signs (I chapter – 136000, II chapter – 76000, III chapter – 

108000, IV chapter – 68000), conclusions - 1328 signs and a list of 

used literature - 21886 signs. The total volume of the dissertation 

consists of 490924 signs. 
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 THE MAİN CONTENT OF THE DISSERTATION 

 

The dissertation consists of an introduction, four chapters, 

conclusions and a list of used literature. 

The introduction justifies the relevance of the research topic 

and shows the degree of its development, formulates the purpose and 

task of the research, provides scientific novelty, notes the theoretical 

and practical value of the research, and also provides information on 

the approbation of the work. 

First, we introduce some notation and definitions. 

 
NR    N - dimensional Euclidean space  RR 1 ; 

 Nxxx ,...,1    the point from NR ; 

 0:1  tRtR ; 
Z  - the set of non-negative integers; 

   the domain in NR ; 

   the boundary of the domain  ; 

    TtxtxQT ,0,:,  ; 

 
Nxxx uuu ,...,

1
 ; 





N

i

xxxx ii
uu

1

 ; 

 D  the space of infinitely differentiable functions with compact 

support in  ; 

 D  the conjugate space of  D    the space of distributions in 

 ; 

 pL  the space of functions summable with the p -th degree in   

by the measure Ndxdxdx ...1 ; 
 

 
p

p

L
dxxff p

/1














 




; 

 L  the space of functions bounded almost everywhere in  , 

 
 xff

x
L



 supess ; 
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    mLDW ppm    ,:, , 

   

p

m

p

LW ppm D

/1

, 












 






 , 
N

N

Nxx
D




 









...1

1

1

...

, 

  NN   ...,,..., 11 , Zi , Ni ,...,1 ; 

 pmW ,

0   closure of  D  in  pmW , ; 

    2,mm WH ; 

    2,

00

mm WH ; 

      


  2,

0

mmm WHH ; 

 sH    the Sobolev space of non-integer order s ; 

 kC , Zk    the space of k  times continuously differentiable 

functions in  ; 

if  X   Banach space, then 

     ffXTLp :;,0  - measurable mapping    XT0,  , 

      















p
T

p

X
dttf

/1

0

  if   p1 , 
 

  


X
Tt

tf
,0

esssup  if p ; 

  XTD ;,0    the space of C - mappings   XT0,   with 

compact support in  T0, ; 

  XTC k ;,0 , Zk   the space of k  times continuously 

differentiable mappings   X,0 T ; 

   TC ,0; 0    the space of measurable functions acting from 

  to   TC ,00 ; 

 YXL ;    the space of continuous linear mappings of the 

topological vector space X  into the topological vector space Y ; 

     XTDLXTD ;,0;,0     the space of distributions on  T0,  

with the values in X ; 
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    ,)(:, 21  LuHuH  

   
  2/12

)(

2

,, 21 


LHH
uuuu ; 

        

2/1

2
,,














 



dxxuudxxxuu

ii

ii
    the scalar product 

and the norm in  iL 2 , where i  is a domain in NR   2,1i ; 

        
2/1

2
,, 













 








dxdxx     the scalar 

product and the norm in  2L , where   is a boundary of the 

domain  ; 

the mapping     2/11

0 : HH    the trace operator of zero 

order; 

the mapping      2/1

1 ,: HH    the Neumann trace operator; 

      10

11 on a.e.0:
1

 uHuH  , where 1    is a part of 

the boundary   of the domain  ; 

 

2/1

1

2

1

1
1

1 

























  

 



N

i i
H

dx
x

u
u . 

We introduce well-known definitions of some concepts. 

Definition 1. If    0ttS  is a semigroup defined on the metric 

space  dX , , then the smallest non-empty bounded closed set 

XA  which is invariant under the dynamical system generating the 

semigroup    0ttS  and which satisfies the relation 

 

                           0,infsuplim 


utSd
AuBt




 

for arbitrary bounded set XB , is called a minimal global attractor 

of the semigroup    0ttS . 
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Definition 2. Let    0ttS  be a semigroup defined on the 

metric space  dX , . The set XB 0  is called an absorbing set if for 

arbitrary bounded set XB  there exists the number  Bt1  such that  

                                       0BBtS                

for all  Btt 1 . 

Definition 3. The semigroup    0ttS  defined on the metric 

space  dX , , is called asymptotically compact, if for arbitrary 

bounded set XB  such that  BtS
t 0

  is bounded in  dX , , an 

arbitrary sequence of the form  

  

1kkktS  , where kt , Bk  , 

has a convergent subsequence. 

Definition 4. Let a system which is characterized by two 

scalar variables  tu  and  tw  (depending on time) in the Banach 

space X  be given, and at each moment of time  Tt ,0   tw  

depends not only on  tu , but also on the previous values of  tu  

(that is, on 
 t

u
,0

):      tutw 0,F  for  Tt ,0 , where 10 R  

is a given number. Then  0,uF  is called a memory operator in X . 

Definition 5. For given 10 R , the memory operator 

  wuu :, 0F  is called a hysteresis operator, if this operator 

satisfies the condition: 

 

         
         

   







Tttuu

uututu

,0for0, onsuch that

Dom,for ,,

21

2121 FFF
 

and the trajectory of the pair     twtu ,  is invariant with respect to 

arbitrary increasing diffeomorphism    TT ,0,0:  , that is, 

                        00 ,, uu FF    on   T,0  , 

in other words, if wu  , then   wu  .  

Let's move on a summary of the content of the work.          
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First chapter consists of six sections. In the first section of 

the first chapter the following mixed problem with focusing 

nonlinear source terms and transmission acoustic conditions is 

considered: 

                     
uuuuuu

p

t

q

ttt

111 
  in     ,01

,               (1) 

                    


112 


p

t

q

ttt in     ,02
,              (2) 

                    tttt uKDM        on    ,02
,                 (3) 

                                0u       on      ,01
,                                (4) 

                        u , 

















u
t     on   ,02 ,                   (5) 

                        
   xuxu 00,  ,    xuxut 10,  , 1x ,            (6) 

                         
   xx 00,   ,    xxt 10,   , 2x ,                  (7)

                       
 

                  
   xx 00,   ,    x

u
xt 1

000, 





 









 , 2x ,     (8) 

where  1 nRn  is a bounded domain with the smooth 

boundary 1 , 2  is a subdomain with the smooth boundary 2  

and  221 \    is a subdomain with the boundary 

21   , such that  21  ;  x  the unit outward normal 

vector to   at the point x ; ,:,, 2 RKDM   

,:, 110 Ruu  RR  20210 :,:,  known functions; 

2,1,1,1  iqp i . 

The definitions of weak and strong solutions to the problem 

(1)-(8) are introduced. 

Definition 6. A triple of functions       txtxtxu ,,,,,  , 

where  

  RTu  ,0: 1 ,   RT  ,0: 2 ,   RT  ,0: 2   

is called a weak solution to the problem (1)-(8) if                   
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           1

1

1
;,0  

 HTLu ,   2

1;,0   HTL ,  

                     00 u  a. e. on  T,02  , 

                             TLLTLu
q

t ,0;,0 1

1

1

2 1 
  ,       

     TLLTL
q

t ,0;,0 2

1

2

2 2 
  , 

  2

2;,0,   LTLt  

and the following equalities hold: 

              

        
         

        
2

1

1

1

02

1

221

1

11

,,,,

,,,,,

2

2

1

















pp

tt

q

t

tdt
d

t

q

ttdt
d

uu

uuuu
  

for  1

1

1
 H ,  2

1  H  such that   on 2 , in the 

sense of distributions in  TD ,0  and     

                                 0,,
22

0 


еKDеMu ttdt
d   

for  2

2  Le , in the sense of distributions in  TD ,0 , and also: 

                          xuxu 00,  ,    xuxut 10,    a. e. in 1 ,                                                              

                          xx 00,   ,    xxt 10,     a. e. in 2 ,                                             

                          xx 00,   ,    xxt 10,     a. e. on 2 .                                                                                       

Definition 7. A triple of functions       txtxtxu ,,,,,  , 

where  

  RTu  ,0: 1 ,   RT  ,0: 2 ,   RT  ,0: 2 ,  

is called a strong solution to the problem (1)-(8) if                   

         1

1

1
;,0  

 HTLu ,      TLHTLu
q

t ,0;,0 1

1

1

1 1

1






  ,    

                                     1

2;,0   LTLutt ,    

         2

1;,0   HTL ,      TLHTL
q

t ,0;,0 2

1

2

1 2 
  ,     

  2

2;,0   LTLtt , 

                      1,Htu ,    2,Ht  a. e. on  T,0 ,        

   2

2;,0,,   LTLttt  , 
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and  

                     uuuuuu
p

t

q

ttt

111 
   a. e. in  T,01  ,                                                        

                     
112 


p

t

q

ttt  a. e. in  T,02  ,                                                             

          00   KDMu tttt ,     00 u   a. e. on  T,02  ,                                                                      

                            
   

    
22

2/1
2

2/1 001 ,,


   tttu tHH
 

 for  1

1

1
 H  a. e. on   T,0 ,                                              

                                 xuxu 00,  ,    xuxut 10,    a. e. in 1 ,                                                                           

                                 xx 00,   ,    xxt 10,     a. e. in 2 ,                                                                          

                                 xx 00,   ,    xxt 10,     a. e. on 2 .  

The following theorem on the existence and uniqueness of 

local weak solutions for the problem (1)-(8) is proved. 

Theorem 1. Let the following conditions be satisfied: 

 

               0)(,0)(,0)(,,, 2  xKxDxMCKDM , 2x ;   (9)  

                       1p   if  2,1n , 
2

1



n

n
p   if 3n .              (10) 

Тhen for           

                           
       

       







 

2

2

2

2

1

2

111

2

2

2

1

1

1

000

21

1

,,

,,

LLLu

LHHu

qq



         (11) 

there exists the number 0T  such that the problem (1)-(8) has a 

unique weak solution  ,,u , satisfying the conditions: 

 

         
    1

1

1
;,0  HTCu ,        TLLTCu

q

t ,0;,0 1

1

1

2 1 
 , 

            2

1;,0  HTC ,        TLLTC
q

t ,0;,0 2

1

2

2 2 
 , 

                                         2

2;,0,   LTLt ;                               

moreover, if 0max T    the length of the maximum interval of the 

existence of the solution  ,,u , then the following alternative is 

valid: either     
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                                            maxT ;  

 or      

     






 


222

2

2

1

2

2

2

10 22max

lim  KMuu ttt
Tt

.  

In the second section of the first chapter the following result 

on the existence and uniqueness of local strong solutions to the 

problem (1)-(8) was established.  

Theorem 2. Let the conditions (9)-(10) be satisfied and 

      1iq   if  2,1n ; 
2

1



n

n
qi

  if 3n   2,1i .                                                                                                           

Suppose that  
21

,min qqp 
 
and  

           1

2

1

1

0 1
  HHu  ,    1

2

1

1

1
1

1
 

q
LHu  ,  

      ,2

2

0 H     2

2

2

1

1
2 

q
LH  ,  2

2

10 , L .  

Then there exists the number 0T  such that the problem (1)-

(8) has a unique strong solution  ,,u . 

In the third section of the first chapter the following theorem 

on the existence of global weak solutions to the problem (1)-(8) is 

proved under the condition  
21

,min qqp  . 

Theorem 3. Let the conditions of Theorem 1 and the 

condition  

                              
21

,min qqp    

be satisfied. Then the local weak solution   ,,u  to the problem 

(1)-(8) is global and T  can be taken arbitrarily large. 

In the fourth section of the first chapter the following energy 

function is defined:                 

         

 

    ,1,
1

1
1,

1

1

2

1

2

1

1

1

222

2

2

2

2

1

2

1
22

















 

pp

ttt

p
u

p

KMuutE




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where   ,,u  is a weak solution to the problem (1)-(8) and the 

following result on the blow-up of solutions to this problem in a 

finite time is established. 

Theorem 4. Let 

                          2

2

2

1

1

1

000 1
,,   LHHu  ,    

                            2

2

2

2

1

2

111
21,,  LLLu

qq   

and the conditions (9), (10) be satisfied. Suppose that 

 

                      
21

,max qqp  ,  1)( хK   2х , 

                                100 EE  , 











1

1

2

12

11
p

E  ,  

                                2

1

2

20

2

10  u , 
1

1

1





p

B , 

where B  is a positive constant depending on 1 , 2 , p . Then the 

weak solution to the problem (1)-(8) blows up in a finite time. 

In the fifth section of the first chapter an initial-boundary 

value problem for nonlinear wave equations with focusing sources 

with nonlinear transmission acoustic conditions:  

            u ,   ttu
u

















 on   ,02

  

is considered. The theorem on the existence and uniqueness of local 

weak solutions to this problem is proved under the following 

conditions on nonlinearity  : 

   ;1C , 

                                      1

5

q
scs    05 c ;                                      

                s  is a monotone increasing function on );(  .        

In the sixth section of the first chapter the existence and 

uniqueness of local weak solutions of the initial-boundary value 

problem for nonlinear strongly dissipative wave equations with 

focusing sources: 
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                       ufuuuuu t

q

tttt 
11  in   ,01

,      

                        gt

q

tttt 
12  in   ,02

,  

with transmission acoustic conditions:  

   
tttt uKDM   , 

                                                     u ,  

  





























 tt

t

uu
 

on   ,02  is proved.  

The second chapter consists of three sections. In the first 

section of the second chapter the mixed problem (12), (13), (3)-(8) 

with defocusing nonlinear sources and transmission acoustic 

conditions is considered:   

                                                                                                                                                                                                                                                                                                                                                                                                                                                         

                  
    011  ufuguu ttt  in     ,01

,               (12) 

              
    022   fg ttt in     ,02

.           (13)    

It is assumed that the following conditions are satisfied: 

                                          
)(1 RCgi  , 2,1i ,  

and there exist constants 1ik , 2ik , 03 ik   2,1i  such that       

              
  q

ii sksg 1  if 1s  and   sksg ii 2  if  1s ,      (14) 

where q  satisfies the inequality 
2

2
1






n

n
q  if 3n  and 1q  if 

2n ; 

                                 
  03 

ii ksg
 
for Rs ;                           (15) 

                                          
)(1 RCfi  , 2,1i   

and there exist constants 0,,, 2121 iiii cccc   2,1i  such that 

                        
  21 i

p

ii cscsf  ,    2

1

1 i

p

ii cscsf 


,            (16) 

where p  satisfies the inequality
2

1



n

n
p  if 3n  and 1p  

if 2n ; 
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     ssf
l

dssfsF i

i

s

ii
1

1
0

0


                      (17) 

for 1,  
ilRs , 2,1i .  

The following theorem on the existence and uniqueness of 

global strong solutions to the problem (12), (13), (3)-(8) is proved.  

Theorem 5. Let the conditions (9), (14)-(17) be satisfied. 

Suppose that  

         1

2

1

1

0 1
  HHu  ,    1

2

1

1

1 1
 

qLHu  ,       

   2

2

0 H ,    2

2

2

1

1  qLH  ,  2

2

10 , L .  

Then for all 0T  there exists a unique strong solution to the 

problem (12), (13), (3)-(8), i.e., the solution  ,,u  such that 

 

  1

1

1
;,0,  

 HTLuu t ,   1

2;,0   LTLutt , 

  2

1;,0,   HTLt ,   2

2;,0   LTLtt , 

   1,,  Htu ,    2,,  Ht  a. e. on  T,0 , 

  2

2;,0,,   LTLttt   

and 

    011  ufuguu ttt   a. e. in    T,01 , 

    022   fg ttt  a. e. in   T,02  , 

  00   KDMu tttt ,     00 u  a. e. on  T,02  , 

      
   

    
22

2/1
2

2/1 001 ,,


   tttu tHH
 

for  1

1

1
 H  a. e. on   T,0 ,                                                                                             

                              xuxu 00,  ,    xuxut 10,    a. e. in  1 , 

                              xx 00,   ,    xxt 10,     a. e. in  2 , 

                              xx 00,   ,    xxt 10,     a. e. on 2 . 

In the second section of the second chapter the following 

result on the exponential decay of global strong solutions to the 

problem (12), (13), (3)-(8) was established. 
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Theorem 6. Suppose that  ,,u  is a global strong solution 

to the problem (12)-(13), (3)-(8) and 

 

                  

  

      .1,1,

2

1

22

2211

2

2

2

2

2

1

2

1

22











KMFuF

uutE

t

tt

 

Тhen, under the conditions of the Тheorem 5, there exist 

positive constants a  and b  such that 

                                            btatE  exp   

for all 0t .      

In the third section of the second chapter the following mixed 

problem with transmission acoustic conditions was considered in the 

domain 3R : 

                        011  ufuuuu ttt    in     ,01 ,        (18) 

                        022   fttt   in     ,02 ,      (19) 

                               tttt u     on    ,02 ,              (20) 

                                          0u      on      ,01 ,                     (21) 

                               u , 

















u
t     on   ,02 ,         (22) 

                          
       

        







,,0,,0,

,,0,,0,

210

110

xxxxx

xxuxuxuxu

t

t


            (23) 

                  xx 00,   ,    x
u

xt 1
000, 





 









 ,  2x ,    (24) 

where  2,10  ii  and 0   some constants; 

 2,1:  iRRfi   known functions; it is assumed that 

)(1 RCfi  , 2,1i  and there exist constants 2,1,01  ic i , such 

that 
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                                          2

1 1 scsf ii   ,                                 (25) 

and  

                                 
 

1inflim 
 s

sfi

s

, 2,1i ;                            (26) 

to prove the smoothness of solutions instead of continuous 

differentiability of functions if  and the conditions (25), the stronger 

assumptions were used: )(2 RCfi  , 2,1i  and there exist constants 

2,1,02  ic i , for which:                             

                                     0,1 22 
iii cscsf .                          (27)     

It is introduced the phase space: 

  

     
     

        ,,,,,

,,:,,,,,

22

1

312

2

62

2

52

2

42

1

3

1

2

21

1

1654321









wwLwLwLwHw

LwHwwwwwwwwV
 

which is Hilbert space with respect to the norm 

  

             
       

   

2

6

2

5

2

4

2

3

2

2

2

1

2

2
2

2
2

2
2

2
1

1
2

1
1

1










LL

LHLHV

ww

wwwww
 

for   Vwwwwwww  654321 ,,,,,  and the initial-boundary value 

problem (18)-(24) is formulated in the following form 

                                       
 

 







,0

,

0ww

wAwwt
                                   (28) 

where  tttuuw  ,,,,, ,  1010100 ,,,,, uuw  , 

                                       VVADA : ,   

                


,,

,,,,

6526

4233421112

2

wwww

wwwwwwwwAw










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where  2,1iwi  is a derivative of the function 
iw  along the 

normal   (the condition 
22

316 
  www  is interpreted in a weak 

sense - as a fulfillment of the equality 

 

               263311

221

 


dwdxwwdxww   

for    2

1

1

1 ,
1

  HH    such that 
22 

 ), 

         VV  : ,        0,0,,0,,0 3211 wfwfw    for Vw .             

To consider strong solutions, it is also introduced the phase 

space  

              

      

         

,,,

:

,,,,,

2222
2

2

2/12/1

1

3164231

222

1

2

2

1

1

1

2

1

1

6543211



















wwwwwww

HHHHH

HHwwwwwwwV 

 

which is Hilbert with respect to the norm 

 

             
         

   
.

2

6

2

5

2

4

2

3

2

2

2

1

2

2

2/1

2

2/1

2
1

2
2

1
1

1
2

1
1

11










HH

HHHHHV

ww

wwwww


 

The definition of a weak solution to the problem (28) is 

introduced. 

Definition 8. Let   Vuuw  1010100 ,,,,,  . The function  

  VCw ;,00   is called a weak solution to the problem (28) if it 

satisfies the equality 

                                      dsswewetw

t

stAAt  


0

0  

for all 0t . 

It is introduced the functional 
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                  




21

3211

2

2

1
dxwFdxwFwtE

Vw ,          (29) 

where    dssfsF

s

ii 
0

, 2,1i . 

The main results for the problem (28) or (18)-(24) are 

established in the following theorems (the method of proof of the 

existence of a global attractor is based on the use of a suitable energy 

equation). 

Тheorem 7. Let (25), (26) hold and assume that Vw 0 . 

Тhen there exists a unique weak solution   VCw ;,00   to the 

problem (28). Furthermore, if 1w and 2w  - solutions to the problem 

(28), corresponding to the initial data 10w  and 20w  for which: 

rw
V
10 , rw

V
20   0r , then there exists the positive number 

 , depending on r  such that 

                                   
V

t

V
wwetwtw 102012    

for all 0t . Assuming in addition, that the functions 2,1, ifi  

fulfill the conditions (27) and that 10 Vw  , the corresponding weak 

solution satisfies the regularity property 

                                    1

01 ;,0;,0 VCVCw    

(and is called a ”strong” solution).  

It is proved that for each weak solution  tttuuw  ,,,,,  

to the problem (28) the energy equation  

                 
22

22

2

11
2

 ttt
w u

dt

dE
   

is valid and      ,01CEw , where the functional  tEw  is 

introduced in (29). 

Corollary 1. Under the conditions (25), (26) the system (28) 

generates a strongly continuous semigroup    tStS  21 ,  in the 

phase space V , which is defined by the formula 
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              tttuuuutS  ,,,,,,,,,, 101010  , 

where     VCuu ttt ;,0,,,,, 0   is a weak solution to the 

problem (28) corresponding to the initial data 

  Vuu 101010 ,,,,,  . 

Theorem 8. Let the conditions (25), (26) be satisfied. Then 

there exists the constant 00 R  with the following property: for each 

0R  there exists the number   000  Rtt  such that the inequality                 

                                   00 RwtS
V
   

holds for Vw  0  with Rw
V
0  and for all 0tt  ; therefore, the set 

                                       00 : RzVzB
V
  

is a bounded absorbing set for a semigroup  tS  in V . 

Theorem 9. Let the conditions (25), (26) be satisfied and 

  21 . Then the semigroup    0ttS  is asymptotically 

compact. 

Theorem 10. Let conditions (25), (26) be satisfied and 

  21 . Then the problem (18)-(24) has a minimal global 

attractor in the phase space V  which is invariant and compact. 

The third chapter consists of three sections. In the first 

section of the third chapter the following mixed problem is 

considered in the domain  TQ ,0  (  1 NRN  is a 

bounded domain with the sufficiently smooth boundary  ): 

                             
2

2

t

u




+    fuuuuu

t

p





F ,                 (30) 

                                       Ttxu ,0,,0  ,                              (31) 

                              )0()0(

0
wuuu

t



F ,  )1(

0 u
t

u
t 




  ,           (32) 

where 0p ; f : RQ , )0(u , )1(u , )0(w : R  - known functions 

and the nonlinear operator F  acts from the space    TC ,0; 0  

to    TC ,0; 0 . It is assumed that F  is a memory operator; i.e. 
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at any instant t ,    tuF  may depend not only on  tu  but also on 

the previous evolution of u . It is also assumed that this operator is 

applied at each point x  independently (i.e. the output 

    txu ,F  depends on  
 t

xu
,0

, , but not on  
 t

yu
,0

,  for any 

xy  ) and the following conditions are satisfied:  

 

                

       

   
   














;,0 for0, on

such that,0;,for

,ine.a.,,

21

0

21

21

Ttt

TC

tt



 FF

        (33) 

              
   

     







; in e.a. ,,0onuniformly then  

 ,,0;inuniformly if 0

n

T

TC

n 



FF
       (34) 

             

 

   
  

 
  

 

   














;,0;for 

ine.a.,,

such  thatand0exist   there

0

,0,0

2

00

TCM

xgxLx

LgL

TCTC



F       (35) 

       

   
     
             














;ine.a.0,,,,

then,ine.a.,,0,for,in

affine is,0;function  theif

1212

2121

0

txtxtxtx

Ttttt

TСΜ





FF

  (36) 

              
           

   
     




















,ine.a.,,0,for,in

affine  iswhich ,0;for,ina.e.

,,,,

 thatsuch10exists there

2121

0

12112

1

Ttttt

TСM

txtxLtxtx

L



 FF
   (37) 

                           2)0( )0(

, LwVu , )(2)1( Lu ,                     (38) 

                    );,0(),(, 1,12

2121 VTWfQLffff  ,          (39)   

where     21

0

pLHV  . 

Definition 9. A function      212 ;,0;,0 LTHVTLu   such 

that    QLu 2F  and satisfying the equality  
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  

       





 


























T

VV

Q

p

dxxxuxwxudtf

dxdtuuu
t

uu
tt

u

0

)1()0()0( 0,)(, 




F

 

for      212 ;,0;,0 LTHVTL      0,  T  a. e. in  , is 

called a solution to the problem (30)-(32). 

The results on the existence and uniqueness of solutions to 

the problem (30)-(32) are established in the following theorems. 

Theorem 11.  Let the conditions (33)-(39) be satisfied. Then 

the problem (30)-(32) has at least one solution u  such that 

                VTLLTWu ;,0;,0 2,1    ,    )(;,0 21  LTHuF . 

           Theorem 12. Let the conditions of Theorem 11 be satisfied. 

Suppose that 

                              
2

2




N
p ,     3N                                (40) 

and 

                    0,,,, 2121  txtxtxtx  FF  a. e. in  ,    (41) 

for    TCM ,0;, 0

21    and  Tt ,0 . Then the solution to 

the problem (30)-(32) is unique. 

Theorem 13. Let the conditions (33)-(39), (40)-(41) be 

satisfied. Then the problem (30)-(32) has a unique solution 

          1

0

21 ;,0;,0 HTCLTCu   for all 0T . 

Further, in the same section, the problem (30)-(32) is 

considered for the case 

                                       xhf  ,  .2 Lh                                 (42)                                                                                                                                                                                             

Under the condition (40), the equality 

       1

0

21

0 HLHV p  holds. Then, under the conditions of 

the Theorem 13, there corresponds a semigroup    0ttS  to the 

problem (30)-(32) (with (42)) in the space   
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0 LLHE  

which is defined by the formula 

                                                wuuwuutS t ,,,, 010  , 

where u  is a unique solution of this problem. 

The following theorem on the existence of a bounded 

absorbing set for the semigroup    0ttS  generated by the problem 

(30)-(32) (with  xhf  ) is proved using the method of 

discretization with respect to the variable t .   

Theorem 14. The problem (30)-(32) (with  xhf  ) has a 

bounded absorbing set in the space E  under the conditions (33)-(38), 

(40)-(42). 

Further, it is proved that the semigroup    0ttS  generated by 

the problem (30)-(32) (with  xhf  ) is asymptotically compact in 

the space E  under the conditions of the Theorem 14, and then the 

following theorem on the existence of a minimal global attractor for 

this problem is proved. 

Theorem 15. Let the conditions of the Theorem 14 be 

satisfied. Then the problem (30)-(32) (with  xhf  ) has a minimal 

global attractor in the space E , which is invariant and compact. 

In the second section of the third chapter, the following mixed 

problem for a quasilinear parabolic equation is considered in the 

domain  TQ ,0  (  1 NRN  is a bounded domain with a 

sufficiently smooth boundary  ): 

                                  

   fuuuuu
t

p





F ,                      (43) 

                                      
   Ttxu ,0,,0  ,                            (44) 

                                     
   00

0
wuuu

t



F ,                             (45) 

where 
N

p



2

2
0 , if 3N  and 0p , if 2,1N ; 

  RTf  ,0:  and the nonlinear operator F  acts from the space 

   TC ,0; 0  to    TC ,0; 0 . It is assumed that F  is a 
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memory operator, which is applied at each point x  

independently and satisfies the conditions (33)-(36), and 

                                             
  200 , LwVu ,                           (46) 

                   
    21 fff  ,  QLf 2

1 ,  VTWf  ;,01,1

2 ,         (47)          

where   1

0HV . 

Definition 10. A function    TCMu ,0; 0  

 VTL ;,02  such that    QLu 2F  and satisfying the equality   

                        

  

       





 


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
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
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




T
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p

dxxxwxudtf

dxdtuuu
t
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00 0,, 
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for      212 ;,0;,0 LTHVTL      0,  T  a. e. in  , is 

called a solution to the problem (43)-(45). 

Using the method of discretization with respect to the variable 

t  it is proved the following theorem for the problem (43)-(45). 

Theorem 16. Let the conditions (33)-(36), (46), (47) be 

satisfied and  

       
N

p



2

2
0  if 3N   and  0p  if 2,1N . 

Then the problem (43)-(45) has at least one solution u  for 

which 
                    

 

          
          TCLuVTLLTHu ,0;,;,0;,0 0221   F .   (48) 

The problem (43)-(45) is also considered under the additional 

condition that F  is a hysteresis nonlinearity of the generalized play 

type. 

Let for nondecreasing functions )()(),( 0 RCrl   it is 

satisfied
 
the condition 

                                
)()(  lr                                      (49) 

for R . Assume that u
 

is a continuous, piecewise linear 

function on  T,0 , namely, u  is linear on  ii tt ,1  for Ni ,...,2,1 . 
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For given R0 , an operator     RTuEw  ,0:, 0  is called a 

hysteresis nonlinearity of the generalized play type if          

            

              
     
       









 iiirl

rl

tttttutu

tuu
tw

,if,,)(max,)(min

,0if,,)0(max,)0(min

11

 0

 

 Ni ,...,1  and   00w  only if    )0()0( uu lr   0 . 

It is assumed that 

 

                           
           txxuEtxu 0,,, F   a. e. in  ,          (50) 

for    TCMu ,0; 0  and for  Tt ,0 ; where   1L0  and 

E  is a hysteresis operator of the generalized play type. 

The following theorems are proved for the problem (43)-(45). 

Theorem 17. Let       220 ,, LxhLu iii    2,1i ;  

)()(),( 0 RCrl   - are Lipschitz continuous, affinely bounded 

functions and satisfy the condition (49). Define F  as in (50) and 

assume that 

  
  )(,)(,maxmin 0000

ilirii uuw    a. e. on    2,1i . 

If     VTLLTWui ;,0;,0 211,1   are the corresponding 

solutions to the problem (43)-(45) with ihf 
 

and 

   2,1 iuw ii F , then

                      

 

     

        

           dxhhTdxxwwxuu

dxtxwwtxuu





















21

0

2

0

1

0

2

0

1

2121 ,,

  

for  Tt ,0 , where     0,max 


. 

Theorem 18.  Assume that 

                       
    220 ,, LhLVu 0 , 

the functions )()(),( 0 RCrl   are Lipschitz continuous, affinely 

bounded and satisfy the condition (49), аnd  F  is defined as in (50). 
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Then the problem (43)-(45) (with  xhf  ) has a unique solution 

that satisfies the condition (48). 

Let     21

0 LHX . Then, under the conditions of the 

Theorem 18, there corresponds a semigroup    0ttS  to the problem 

(43)-(45) (with  xhf  ) in the space X  which is defined by the 

formula  

                                               uuwutS F,, 00  , 

where u  is a unique solution to this problem. 

Theorem 19. The problem (43)-(45) (with  xhf  ) has a 

bounded absorbing set in the space X  under the conditions of 

Theorem 18. 

In the third section of the third chapter the following mixed 

problem is considered in the domain  TQ ,0  (  1 NRN  

is a bounded domain with a sufficiently smooth boundary  ): 

                            
2

2

t

u




+    fuuuuu

t

p




 2F ,                 (51) 

                                    Ttxuu ,0,,0,0  ,                  (52) 

                               )0()0(

0
wuuu

t



F ,  )1(

0 u
t

u
t 




  ,           (53) 

where 0p ; f : RQ  , )0(u , )1(u , )0(w : R  - given functions 

and the nonlinear operator F  acts from the space    TC ,0; 0  

to    TC ,0; 0 . It is assumed that F  is a memory operator, 

which is applied at each point x  independently and satisfies the 

conditions (33)-(37), and 

                              2)0( )0(

, LwVu , )(2)1( Lu  ,                (54) 

where     22

0

pLHV  . 

Definition 11. A function      212 ;,0;,0 LTHVTLu   

such that    QLu 2F  and satisfying the equality 
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for      212 ;,0;,0 LTHVTL        0,  T   a. e. in  , is 

called a solution to the problem (51)-(53).  

The results on the existence and uniqueness of solutions to 

the problem (51)-(53) are established in the following theorems. 

Theorem 20. Let the conditions (33)-(37), (39), (54) be 

satisfied. Then the problem (51)-(53) has at least one solution u  for 

which                    

                    )(;,0,;,0;,0 212,1   LTHuVTLLTWu F . 

         Theorem 21. Let the conditions of the Theorem 20 be satisfied. 

Suppose that  

                            
2

2




N
p ,     3N                                  (55) 

and 

                      0,,,, 2121  txtxtxtx  FF   a.e. in  , (56)                                            

for    TCM ,0;, 0

21    and  Tt ,0 . Then the solution to 

the problem (51)-(53) is unique. 

The following theorems on the existence of a bounded 

absorbing set and a minimal global attractor for the problem (51)-

(53) are proved for the case  xhf  : 

                                                    .2 Lh                                    (57) 

Theorem 22. The problem (51)-(53) (with  xhf  ) has a 

bounded absorbing set in the space  

      222

0 LLHE  

under the conditions (33)-(37), (54)-(57). 

Theorem 23. Let the conditions of Theorem 22 be satisfied. 

Then the problem (51)-(53) (with  xhf  ) has a minimal global 

attractor in the space E , which is invariant and compact. 
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The fourth chapter consists of three sections. In the first 

section of the fourth chapter the following mixed problem for a 

system of semilinear hyperbolic equations is considered in the 

domain  TQ ,0  (  1 NRN  is a bounded domain with the 

sufficiently smooth boundary  ): 

 

                               

  

  











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
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
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
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


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


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F
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                    (58) 

                                     Ttxu ,0,,0,0   ,                     (59) 

                                  0

1

)0(

0
wuu

t



1F ,  )1(

0 u
t

u
t 




  ,        (60) 

                                   )1(

0

0

2

)0(

0
, 


 




  tt t

wu2F ,      (61) 

where nonlinear operators 1F , 2F  act from the space  

   TC ,0; 0  to    TC ,0; 0 . It is assumed that 2,1, iiF  

are memory operators, which are applied at each point x  

independently and satisfy the conditions (33)-(37) and 

 

                 )(),(,, 2

1

2)1(2)0(

1

1

0

)0( QLfLuLwHu  ,        (62) 

                 )(),(,, 2

2

2)1(2)0(

2

1

0

)0( QLfLLwH   .        (63) 

 

Definition 12. A pair of functions  ,u  such that    

 

               1

0

2 ;,0, HTLu    21 ;,0 LTH ,  

                       QL21F ,    QLu 22F  

and satisfying equalities 
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0

2 ;,0;,0 LTHHTL      0,  T  a. e. in  , is 

called a solution to the problem (58)-(61). 

The results on the existence and uniqueness of solutions to 

the problem (58)-(61) are established in the following theorems. 

Theorem 24.  Let the conditions (33)-(37), (62)-(63) be 

satisfied. Then the problem (58)-(61) has at least one solution  ,u  

for which 

       1

0

2,1 ;,0;,0, HTLLTWu  , 

     )(;,0, 21  LTHu21 FF  . 

Theorem 25.  Let the conditions of the Theorem 24 be 

satisfied and                   
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~:~,and,0for

,ina.e.

such that0exists there0for

2

2

2



FF  

2,1i . Then the solution to the problem (58)-(61) is unique. 

In the second section of the fourth chapter the following 

mixed problem for the Timoshenko system with a memory operator 

is considered in the domain  (0, ) 0,Q L T   ( 1(0, )L R ), which 

arises in the theory of transverse vibrations of a string:                          
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                                   1 ( ) 0tt x xa     ,                                (64) 

                          
    02   Fxxxtt ab ,                  (65) 

                       0| | 0,x x L     0
0


 Lxx

  on  T,0 ,         (66) 

   0

0
 

t
,  1

0
 

tt ,  0
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 

t
,  1

0
 

tt ,   )0(

0
w

t



F  (67) 

 

on   L,0 , where t  is the time variable, x  is the coordinate of the 

string of length L  at its equilibrium position; 
)0()1()0()1()0( ,,,, w :   RL ,0  - given functions, 1 2, , ,a b 

 
- 

positive constants. It is assumed that the operator F  acts from the 

space    TCL ,0;,0 0  to    TCL ,0;,0 0 , where 

   TCL ,0;,0 0  is the space of measurable functions acting from 

 L,0  to   0 0,C T , and that F  is a memory operator, which is 

applied at each point  Lx ,0  independently:     t,xF  depends 

on  
 t

x
,0

,  but not on  
 t

y
,0

,  for any xy  . It is assmed that 

the following conditions are satisfied: 

 

          

         

   
   














;,0 for0, on

such that,0;,0,for

,,0one.a.,,

21

0

21

21

Ttt

TCL

Ltt



 FF

         (68) 

          

   
       








;,0on a.e. ,,0onuniformly then  

 ,,0;,0inuniformly  if 0

n

LT

TCL

n 



FF
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     LH ,0, 1

0

00  ,        LLw ,0,, 2011  .          (72) 

  

Definition 13. A pair of functions ( , )   such that   

           ,      LLTHLHTL ,0;,0,0;,0 211

0
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and satisfying the equalities  
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(0, )L ), is called a solution to the problem (64)-(67). 

The results on the existence and uniqueness of solutions to 

the problem (64)-(67) are established in the following theorems. 

Theorem 26.  Let the conditions (68)-(72) be satisfied. Then 

the problem (64)-(67) has at least one solution ( , )  , for which 
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Theorem 27. Let the conditions of the Theorem 26 be 

satisfied and the operator F  also satisfies the condition of global 

Lipschitz continuity: 

     :02 L   Tt ,0 ,    tCLL ,0;,0, 02

21   , 

         
       tCLLtCLL

L
,0;,0212,0;,021 0202  FF .    
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Then the solution to the problem (64)-(67) (which satisfies 

the condition (73)) is unique. 

       In the third section of the fourth chapter a quasilinear 

hyperbolic equation is considered in the domain  TQ ,0 : 

                                    
   fuuuu ttt  F                             (74) 

with boundary conditions 
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where  1 NRN
 is a bounded domain with the sufficiently 

smooth boundary 10   , and  10  ; Rrlp 1:,,
 
are 

known functions,  x    the unit outward normal to   at the point 

x  and the nonlinear operator F  acts from the space 

   TC ,0; 0  to    TC ,0; 0 . It is assumed that F  is a 

memory operator which acts independently at each point x  and 

the conditions (33)-(37) are satisfied. It is also assumed that 

 

        
  2)0( )0(

, LwHu
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, )(2)1( Lu , )(, 1
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)(2 QLf  ,                                     (81) 

where     00

1 on a.e.0:  uHuH 


. 

The concept of a weak solution to the problem (74)-(79) is 

introduced. 

Definition 14. A pair of functions     txztxu ,,,  is called a 

weak solution to the problem (74)-(79), if  
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The result on the existence of weak solutions to the problem 

(74)-(79) is established in the following theorem using the method of 

discretization with respect to the variable t .                                                                                                                      

Theorem 28.  Let the conditions (33)-(37), (80)-(81) be 

satisfied and  

 1,, Crlp , 

                        0xp ,   0xl ,   0xr  for 1x .  

Then the problem (74)-(79) has a weak solution  zu, .   
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 CONCLUSIONS 

 

  The dissertation work is devoted to the study of mixed 

problems with transmission acoustic conditions for nonlinear wave 

equations, as well as initial-boundary value problems for nonlinear 

hyperbolic and parabolic equations with memory operators and 

hysteresis nonlinearities. 

The following main results are obtained in the dissertation: 

- a result on the existence of global weak solutions for a mixed 

problem with transmission acoustic conditions for nonlinear wave 

equations with focusing sources is obtained, if  
21

,min qqp   and 

a result on the blow-up of weak solutions of this problem in a finite 

time, if  
21

,max qqp  ; 

- the existence, uniqueness and exponential decay of global strong 

solutions of a mixed problem with transmission acoustic conditions 

for nonlinear wave equations with defocusing sources is proved; a 

result on the existence of a minimal global attractor for such a 

problem is obtained;  

- the existence and uniqueness of solutions to the initial-boundary 

value problem for a semilinear hyperbolic equation with a memory 

operator is proved, a result on the existence of a minimal global 

attractor is obtained; 

- results on the existence of solutions to mixed problems for a system 

of semilinear hyperbolic equations with memory operators and for 

the Timoshenko system with memory operator are obtained; a result 

on the existence of weak solutions of a mixed problem with acoustic 

boundary conditions for a semilinear hyperbolic equation with a 

memory operator is obtained.   
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