
REPUBLIC OF AZERBAIJAN 

 

 

On the rights of the manuscript 

 

 

 

ABSTRACT 

 

of the dissertation for the degree of Doctor of Philosophy  

 

 

 

RIEMANN PROBLEMS IN HARDY CLASSES WITH 

VARIABLE SUMMABILITY INDEX AND THEIR 

APPLICATIONS IN BASICITY PROBLEMS 

 

Specialty:   1211.01 – Differential Equations 

Field of science:  Mathematics 

 

Applicant:  Miran İbrahim oglu Aleskerov 

 

 

 

 

 

 

 

 

 

Baku – 2022 



2 

 

The work was performed at the department of "Mathematical 

analysis" of the Ganja State University. 

  

Scientific supervisor:              corr.-member of the ANAS, professor 

Bilal Telman oglu Bilalov 

 

Official opponents:                         doctor of sciences in math., prof.   

Bahram Ali oglu Aliyev 

doctor of sciences in math., prof.  

Mahir Mirzakhan oglu Sabzaliyev 

cand. of phys.-math. sc., assoc. prof.  

Shirmayil Hasan oglu Bagirov 

 

Dissertation council ED 1.04 of Supreme Attestation Commission 

under the President of the Republic of Azerbaijan operating at the 

Institute of Mathematics and Mechanics of the National Academy of 

Sciences of Azerbaijan. 

 

Chairman of the Dissertation council:  

corr.-member of the NASA, doctor of phys.-math. sc., prof. 

                         _______________   Misir Jumail oglu Mardanov 

 

Scientific secretary of the Dissertation council:  

candidate of phys.-math. sc. 

                  _______________ Abdurrahim Farman oglu Guliyev 

 

Chairman of the scientific seminar:         

academician, doctor of phys.-math. sc., prof. 

                _______________   Yusif Abulfat oglu Mamedov 



3 

 

GENERAL CHARACTERISTICS OF WORK 

 

       Relevance and degree of development of the topic. Almost all 

branches of natural science face the problems of approximating large 

scale objects by the lesser or simpler ones. Such problems arise, for 

example, in theory of equations (e.g., Fourier method for solving 

partial differential equations), in spectral theory of linear operators, 

in harmonic analysis, in theory of nonharmonic Fourier series 

(nonharmonic analysis), in signal theory, in frame theory, in wavelet 

analysis, in image recognition theory, etc. Approximation by 

perturbed trigonometric systems in different function spaces is one of 

such problems. For example, when solving many partial differential 

equations of elliptic or mixed type in special domains there arise 

perturbed systems of sines or cosines, which, in turn, requires the 

study of basis properties (completeness, minimality, basicity, etc.) of 

these systems in various function spaces induced by differential 

equations. Note that this field has a long and rich history. Classical 

theorems of Runge and Walsh (as well as Weierstrass theorem) on 

approximation of continuous functions on the (closed or open) 

Jordan curves by polynomials or rational functions can be attributed 

to this field. 

 Since recently (from the late 20th Century), in the context of 

some problems of mathematics (for example, in the study of 

smoothness properties of the Jacobian of mapping), mechanics and 

mathematical physics, there has been great interest in the study of 

different problems in non-standard function spaces, such as Lebesgue 

spaces with variable summability index, Morrey-type spaces, grand 

spaces, etc. A lot of monographs and review articles have been 

dedicated to this field. So there arises a necessity to study 

approximation problems in these spaces. 

 This thesis is dedicated to the study of basis properties of the 

single exponential system 

( ) ( ) ,,intint Nnetbeta − −                            (1) 
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with complex-valued coefficients ( ) ( ) ( ),tietata =  ( ) ( ) ( ),tietbtb =  

the perturbed exponential system  

                         ( )( )  ,,exp Znsignntnti +                          (2) 

and the system of cosines 

( )( ) ,,cos1 Nntnt +                              (3) 

where ( )  is in general a complex-valued function, in the Lebesgue 

spaces ( ) ( ),0pL  (in cases (1) and (3)) and ( )( ) ,−pL  (in case (2)) 

with variable summability index ( )p , respectively. Trigonometric 

systems are special cases of the systems (1)-(3). The interest in 

various special cases of the sequence (1) is aroused by their 

significant use in many applied problems. For example, when solving 

the problems of spectral theory of differential operators, 

A.V.Bitsadze, V.A.Ditkin, S.M.Ponomarev and E.I.Moiseev had to 

consider the approximation properties of very special cases of the 

system (1).  

Special cases of the system ( )( ) − 1sin tnt  , where ( )t  is a 

piecewise Hölder function on the interval  ,0 , occur in the study of 

the equations of hydrodynamics. Gabov S.A. and Krutitski P.A. 

considered a non-stationary problem of diffraction of stable internal 

wave on a barrier installed on the bottom of a channel, when the 

wave exitation is happening due to small fluctuations of the barrier. 

So, in Cartesian coordinates ( )zx; , the dynamics of small two-

dimensional motions of a fluid exponentially stratified along the z  

axis in Boussinesq approximation is described by the Sobolev 

equation   

2

2

2

2
2

02

2

;0
zx

uu
t

xx



+




==+




 . 

The considered fluid fills the channel 

( ) +−= zxzx 0,:; . 

Let   
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    ( ) ,,0:;,,0,,0 1 IzxzxII ==== 

( ) ,,0:; 11 Izxzx ==  

Problem. Find the function ( )tzxu ;; , whish is defined and 

continuous on  ) ,0 , satisfies the equation 0
2

2

=+



xxuu

t
 in 

( ) ( ) ,0\  in the classical sense, initial conditions 

( ) ( ) 00;;0;; = zxuzxu t , ( )  zx; , boundary conditions 

0// 0 == == zz uu  on the walls of the channel   and boundary 

condition ( )ztfu ;=  on 1 , where ( ) ( )2

0; Cztf    ) ( )( ) 1

,2,,0 IC   and 

( 1,0  is a Hölder coefficient. 

To construct the explicit solution of this problem, the 

expansion of the given function with respect to the system 

( )







=

1

1

\,cos

;,sin

IIznz

Iznz
zVn       

is used. The study of similar problem in Sobolev spaces requires the 

knowledge of basicity properties of the system  
NnnV


 in the 

corresponding function spaces. 

 Basis properties of the systems (1)-(3) in the Lebesgue spaces 

+ pLp 1, , have been fully studied by B.T.Bilalov. Basicity of 

the systems of sines ( )  Nntn −sin  and the systems of cosines 

( ) 
+− Zntn cos , where R  is a real parameter, in the Lebesgue 

spaces ( )( ),0pL  with variable summability index ( )p  has been 

studied by B.T.Bilalov and Z.G.Huseynov. These authors first 

consider the basicity of the exponential system 

( ) 
Zn

tsignnni


−exp  in ( )( ) ,−pL , and then, using the obtained 

results, they find the basicity conditions of corresponding systems of 

sines and cosines. T.R.Muradov considered the exponential system 

( )( ) 
Zn

nsigntnti


−exp , where ( )  is a piecewise Hölder function 

on   ,− , and found a sufficient condition for the basicity of this 
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system in the spaces ( )( ) ,−pL . N.P.Nasibova considered the 

exponential system ( )( ) 
Zntsignntnti +exp , where 

( ) Rsignttt +=  ;, , is a piecewise linear function. She 

found sufficient conditions on the parameters   and  , which 

provide that this system forms a basis for the weighted space 

( ) ( ) ,, −pL  when the weight ( )  has an exponential form. 

 In this thesis, the systems (1)-(3) are considered in the 

Lebesgue spaces ( )pL  with variable summability index ( )p . We 

consider the case where ( ) ( )tbta arg,arg  and ( )t  are piecewise 

continuous functions which may have an infinite number of 

discontinuity points of the first kind. To study the basis properties of 

these sysems, we use Runge’s method of boundary value problems of 

the theory of analytic functions. Unlike ordinary cases, our boundary 

value problem has some particularities. Namely, the coefficient and 

the right-hand side of the problem satisfy some conditions. This, in 

turn, affects the solvability of this problem in the Hardy classes with 

variable summability index and the basicity conditions of the systems 

(1)-(3) in the spaces ( )p
L . 

Object and subject of research Lebesgue spaces with 

variable summability index, Hardy classes with variable summability 

index, Riemann boundary value problems, basicity of perturbed 

trigonometric systems. 

        The goal and objectives of the study. The main purpose of this 

research is to establish the solvability of the Riemann boundary value 

problems with Carleman shift in the Hardy classes with variable 

summability index and to find necessary and sufficient conditions on 

the jumps of arguments of the coefficients of the problem which 

provide the basicity of the considered single exponential systems in 

the Lebesgue spaces ( ) ( ),0pL  with variable summability index 

( )p . 

General technique of studies. Our approach to the 

considered problem dates back to A.V.Bitsadze. It consists of 
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reducing the original problem to some conjugation problem in 

corresponding classes of analytic functions. This approach has been 

successfully used by S.M.Ponomarev, A.N.Barmenkov, 

G.G.Devdariani, B.T.Bilalov, etc. Research method used in this work 

is a generalization of the method developed by B.T.Bilalov. 

     Main provisions of dissertation. Chapter 1 of this thesis is a 

preparation for obtaining main results. It contains definitions of 

Lebesgue spaces and Hardy classes with variable summability index 

and their basic properties. In this chapter we consider a special 

Riemann problem with Carleman shift on the unit circumference and 

we find sufficient conditions on the coefficients of this problem 

which provide the solvability of this problem in the considered 

Hardy classes. 

 In Chapter 2, the results obtained in Chapter 1 are applied to 

the basicity problems of single exponential systems in the Lebesgue 

spaces ( )( ),0pL  with variable summability index ( )p  on ( ),0 . 

These systems are the generalizations of perturbed systems of sines 

and cosines arising in the theory of differential equations. 

 In Appendix, an analog of the well-known Riesz theorem for 

the classes +
pH  is considered. Namely, its validity for an arbitrary 

measurable subset of ( ) ,−  is proved.  

Scientific novelty. The following main results are obtained 

in this work: 

- homogeneous Riemann problem is considered in the case 

where the coefficient of the problem satisfies some condition on a 

semicircumference and the general solution of this problem is 

constructed;  

- nonhomogeneous Riemann problem is considered in the 

case where the coefficient of the problem and its right-hand side 

satisfy some conditions on a semicircumference and the sufficient 

condition is found which provides the solvability of this problem in 

the Hardy classes with variable summability index; 

- single exponential system (1) with the complex-valued 

coefficients ( ) ( )tbta ,  is considered in the case where the arguments 
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( )taarg  and ( )tbarg  may have an infinite number of discontinuity 

points of the first kind on  ,0  and the sufficient and necessary 

condition on the jumps of the function ( ) ( )tbta argarg −  is found 

which provides that this system forms a basis for ( )( ),0pL ; 

- exponential system (2) with a piecewise continuous phase 

( ) , which is odd on   ,−  and may have an infinite number of 

discontinuity points of the first kind, is considered on   ,−  and 

the sufficient condition on the jumps of the function ( )  is found 

which provides that this system forms a basis for ( )( ) ,−pL ; 

 - system of cosines (3) with a piecewise continuous phase 

( )  is considered and, using the results obtained for the exponential 

system (2), the sufficient and necessary condition for the basicity of 

(3) in ( )( ),0pL  is found. 

Theoretical and practical value of the study.  Results 

obtained in this thesis can be used in the construction of explicit 

solution of some problems of hydrodynamics, in spectral theory of 

non-self-adjoint differential operators, in approximation theory, in 

theory of nonharmonic Fourier series, etc. 

Approbation and application. The main results of this 

work have been presented in the seminar of the Department of 

“Nonharmonic Analysis” of the Institute of Mathematics and 

Mechanics of the NAS of Azerbaijan led by professor B.T.Bilalov, in 

the 7-th International Conference on Mathematical Analysis, 

Differential  Equation & Their Applications MADEA-7, 2015, Baku, 

International Workshop on Non-Harmonic Analysis and Differential 

Operators, 2016, Baku, in the International Conference on Operators, 

Functions, and Systems of Mathematical Physics, 2019, Baku, and in 

the 4-th International Conference on Mathematical Advances and 

Application, 2021, Istanbul. 

Personal contribution of the author. All the results 

obtained in the work are the personal contribution of the author.  
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Publications of the author. The main results of the work-

6 of them were published in the recommended journals of the 

EAC under the President of the Republic of Azerbaijan (3 of them 

in Scopus and 1 Zentralblatt MATH), conference materials -5 (5 of 

them were published on international journals, 2 - abroad ). 

         The name of the institution where the dissertation was 

completed. The work was performed at the department of 

“Mathematical analysis” of the Ganja State University.    
        Volume and structure of the dissertation (in signs, 

indicating the volume of each structural unit separately).   

The dissertation consists ~ 201489  characters (title page – 

395, content ~ 1094 and introduction ~ 56000 знаков characters, I 

chapter ~ 60000  character, II chapter ~ 82000 character and 

conclusion – 4000 character) and the list of used literature consists 

of 97 items.  

 

 

THE CONTENT OF THE  DISSERTATION 

         

This thesis consists of introduction, two chapters and reference 

list. 

In the introduction, the relevance of the dissertation is 

substantiated, a brief summary of the results related to the content of 

the work is given and the main results are commented. 

Chapter 1 is fully dedicated to the solvability of special 

Riemann boundary value problems in the Hardy classes with variable 

summability index. First, the homogeneous Riemann problem is 

considered in the case where the coefficient of the problem satisfies 

some condition on   ,− , in other words, the values of the 

coefficient on ( )0,−  are defined by its own values on ( ),0  in a 

special way. It is assumed that the argument of the coefficient may 

have an infinite number of discontinuity points of the first kind. 

Under some conditions on the argument of the coefficient, the 

general solution of the homogeneous Riemann problem is 

https://zbmath.org/
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constructed. Unlike the usual case, the special form of the coefficient 

allows expanding the condition on the argument of the coefficient. 

Then the nonhomogeneous Riemann problem is considered in the 

case where the coefficient and the right-hand side of the problem 

satisfy special conditions. Sufficient condition for solvability of 

nonhomogeneous problem in the Hardy classes with variable 

summability index is found in case where the right-hand side belongs 

to the Lebesgue space ( )( ),0pL . These conditions differ from those 

in cases where the coefficient and the right-hand side of the problem 

are defined independently on the whole of   ,− . 

In 1.1, standard notation, basic concepts of basis theory and 

some facts from the theory of Cauchy-type integrals are stated.  

We will need some facts from the theory of Lebesgue spaces 

with variable summability index. Let    )+→− ,1,: p  be some 

Lebesgue-measurable function. Denote the class of all measurable 

(with respect to Lebesgue measure) functions on   ,−  by 0
L . 

Also denote   

                                ( ) ( ) ( )
.dttffI

tp
def

p 
−





  
Let 

                                       ( ) .:0 + fIf pLL  

With regard to ordinary linear operations of adding functions and 

multiplication by a number, for 
 

( ) +=
−

+ tpvraip
 ,

sup , L  becomes 

a linear space. With respect to the norm        

( )



















1:0inf




f
If p

def

p
, 

L  is a Banach space, denoted by )(pL . Let 
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 

( ) ( ) .
ln

2

1
:,,,0);()(:

21

21

2121







−−
−

−−=−

tt

C
tptp

ttttCpppWL
def



 
Throughout the work, ( )q  denotes the function conjugate to 

( )p : 
( ) ( )

1
11

+
tqtp

. Let 
 

( )tpvraip
 ,

inf
−

− = , 
 

( )tpvraip
 ,

sup
−

+ = .  

 Define the weighted Hardy classes 

 ),(pH . By +

0pH  we 

denote the usual Hardy class, where  )+ ,10p  is some number. Let  

 )(: ),(1),(   

++

 pp LfHfH , 

where +f  are nontangential boundary values of ( )f  on  . 

Similar to the classical case, we define the weighted Hardy 

class −

 ),(pm H
 
of analytic functions in \C , which have a degree 

mk   at infinity. Let ( )zf  be an analytic function in \C  with the 

finite degree mk   at infinity, i.e. 

)()()( 21 zfzfzf += , 

where )(1 zf  is a polynomial of degree mk  , and )(2 zf  is a 

principal part of Laurent expansion of )(zf  in the neighborhood of 

an infinitely remote point. If the function 









z
fz

1
)( 2  belongs to 

the class +

 ),(pH , then we will say that the function ( )zf  belongs to 

the class −

 ),(pm H . 

Consider the following Riemann problem in the classes 

:),(),(

−



+

   pmp HH   

            ,),()()()(  =− −+ fFGF                         (4) 

where ),( pLf  is some function. By solution of the problem (4), 

we mean a pair of analytic functions  
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−



+



−+   ),(),())();(( pmp HHzFzF , boundary values of which satisfy 

the equality (4) a.e. on  .   

 We will also need the concept of conjugation problem with 

shift. Let   be a unit circumference and  :  be some 

shift. By shift on  , we mean a reciprocally inverse and continuous 

mapping of   onto itself. By orientation on  , we mean a 

positive direction, i.e. direction with respect to which the unit ball 

stays on the left side. Shifts which change their orientation are 

usually called Carleman shifts. So, there are two kinds of shifts: 

Carleman shifts and non-Carleman shifts. 

 Let  →:  be some Carleman shift. Consider the 

following conjugation problem with shift:       

               ( ) ( ) ( )( ) ( ) .,21  =− ++ gFGF                  (5) 

By solution of the problem (5) in the Hardy classes ++  pp HH , we 

mean a pair of functions ( ) ++  pp HHFF 21; , nontangential boundary 

values of which satisfy the relation (5) a.e. on  .  

 In 1.2, a special homogeneous Riemann boundary value 

problem is considered, the coefficient of which has an infinite 

number of discontinuities. Under some conditions on the coefficient 

of the problem, the Noetherness of this problem is proved and its 

general solution in the Hardy classes with variable summability 

index is constructed.  

Let the functions ( )a  and ( )b  satisfy the following 

conditions:  

i) ( ) ( ) ( ),0; 11



  Lba ; 

ii) ( ) ( )  ;  are piecewise continuous functions on ( ),0  with 

discontinuity points  
Nkkt 

 and  
Nkk 

 , respectively. Assume that 

the set      kkk ts ~  may have only one limit point ( ),0~
0 s  

and the function ( ) ( ) ( )ttt  −
~

 has finite left and right limits at 

the point 0
~s .  
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iii) ( ) +


=1

~

k

ksh , where ( ) ( ) ( )0~~
0~~~ +−−= kkk sssh   are the 

jumps of the function ( )
~

 at the points ks~ . 

iv) the jumps  ih
~

 satisfy the relation 
( )

( )
Ζ,

spπ

sh

i

i 













+ ~

1

2

~~

 

Ni . 

Define  

( )
( ) ( )

( ) ( )







−−−



=

−

−

.0,

,0,

1

1

ttbta

ttatb

eG it





 

Consider the following homogeneous Riemann boundary value 

problem in the classes ( ) ( )
−



+

  pmp HH : 

   ( ) ( ) ( ) .,0  =+ −+ FGF                   

Denote ( ) ( )iteGt arg= . Assume that the following inequalities hold: 

( ) ( )

____

,1,
2~2

=− i
sq

h
sp i

i

i


 ,     

  
( )

( ) ( )
( )

.
0

00
0 qp





−−                             (6)                                      

 The lemma below is true.  

 Lemma 1. Let     ,~ −ks  be a set of different points 

which may have only one limit point ( ),,~
0 −s  and let the set of 

numbers  kh
~

 satisfy the condition iii) and the inequalities (6). Then 

the infinite product 

 ( )

( )

0,
2

~
sin 0

2

~

0

=






 −

=


=

s
ss

s

ksh

k

k


 , 

belongs to the space ( )( ) ,−pL . 



14 

 

          Consider the following functions ( )1X  analytic inside (with 

the «+» sign) and outside (with the «-» sign) the unit circle  :                        

     

( ) ( )








−

+
= 

−






dt
ze

ze
eGzX

it

it
itln

4

1
exp1 , 

( ) ( ) .
4

exp2









−

+
= 

−








dt
ze

ze
t

i
zX

it

it

 

Define 

( )
( )

( ) 





=




−
;2,1,1,

,1,

1
kzzX

zzX
zZ

k

k

k
 

and let  

( ) ( ) ( ).21 zZzZzZ =  

The function ( )Z  is called a canonical solution of the homogeneous 

problem 

                                   ( ) ( ) ( ) .,0  =− −+ FGF                   (7)   

     (0.9) 

The following theorem is proved.  

Theorem 1. Let the conditions i)-iii) hold with respect to the 

coefficient ( )iteG  of the problem (7), + +− ppWLp 1, , and 

the jumps  
0kh  of the function ( )iteGarg  satisfy the inequalities 

( ) ( )

( ) ( ) 












−

−

.
1

2

1

;,
1

2

1

0





p

h

q

Nk
sp

h

sq k

k

k

                    

Then the general solution of homogeneous Riemann problem (7) in 

the classes ( ) ( )( )−



+

 pmp HH ;  has a form ( ) ( ) ( )zPzZzF m , where ( )zZ  

is a canonical solution of homogeneous problem, and ( )zPm  is an 
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arbitrary polynomial of degree m . 

In 1.3, a nonhomogeneous Riemann boundary value problem 

of the theory of analytic functions, adapted to the system (1), is 

considered. The case where the argument of the coefficient of the 

boundary value problem is piecewise continuous on the unit 

circumference and may have an infinite number of discontinuity 

points of the first kind is treated. Under some conditions on the 

corresponding jumps of the argument, the solvability of 

nonhomogeneous Riemann problem in the Hardy classes with 

variable summability index is studied.                                                           

Consider the following nonhomogeneous Riemann problem:  

  

( ) ( ) ( ) ( )

( )







=

=+ −+

,0

,,

F

FGF 

                    (8) 

where  

( )
( ) ( ) ( )

( ) ( ) ( )







−−−−



=

−

−

,0,,

,,0,

1

1





tttB

tttA

t  

and ( )( ) ,0 pL  is some function. Assume that the following 

inequalities hold:  

( ) ( )
;,

1

2

1
k

sp

h

sq k

k

k

−


 

( )
( ) ( )

( )



 qp

11


−
− .                               (9)                                            

The following theorem is proved.  

 Theorem 2. Let 1 −pWLp  and the functions ( ) ( ) ba ,  

satisfy the conditions  i)-iii). If the inequalities (9) hold and the 

relations 

( )
( ) ( )

( )
,

0

100
2

0

1

pp


−
−




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( )
( ) ( )

( )
,2

11
+−

−
−





 pp
 

are true, then the Cauchy-type integral  

( )
( ) ( )

( )
−

+ −


=









 ze

d

eZ

zZ
zF

ii 12
 

is a solution of the Riemann problem (8) in the classes ( ) ( )
−

−

+

  pp HH 1
. 

Chapter 2 is fully dedicated to the study of basis properties 

of the systems (1)-(3) in the Lebesgue spaces ( )pL  with variable 

summability index ( )p . First, a single exponential system (1) with 

complex-valued coefficients ( )ta  and ( )tb  is considered on  ,0 . It 

is assumed that the functions ( )taarg  and ( )tbarg  may have an 

infinite number of discontinuity points of the first kind on ( ),0 . The 

basicity problem of the system (1) in ( )( ),0pL  is reduced to the 

solvability of special Riemann boundary value problem in the Hardy 

classes with variable summability index. The results obtained in 

Chapter 1 are applied to the considered boundary value problem and 

the necessary and sufficient condition on the jumps of the function 

( ) ( )tbta argarg −  is obtained which provides that the system (1) 

forms a basis for ( )( ),0pL . These results are then applied to the 

special cases of the system (1).  

In 2.1, a single exponential system with complex-valued 

coefficients is studied. Consider the following single exponential 

system:  

 ( ) ( ) ( ) Nnetbetatn − − ,intint ,         

with complex-valued coefficients ( ) ( )   Cba → ,0:; .          

Assume that for some 0n  the inequality                            

00 2
)0(

1)0()0(
)1(2

)0(

1
n

p
n

p
+

−
−+




    (10) 

holds. Using the condition iv), define the integers ,,1, rini =  from the 

relations  
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     ri
sq

nn
sh

sp i

ii
i

i

,1,
)(

1

2

)(

)(

1
1 =−+− −


.      (11) 

The following main theorem is true.  

Theorem 3. Let the coefficients ( )a  and ( )b  of the system 

 
Νnnv


 satisfy the conditions i)-iv), and the integers  r

in
1

 be defined 

by (10), (11). Assume that   

( )
Ζ

πpπ

α(π)β(π)
+

−

2

1

2
. 

If the inequality    

)1(2
)(

1)()(
2

)(

1
++−

−
+− rr n

p
n

p 




    

holds, then the system  
Nnnv


 forms a basis for ( ),0)(pL . Besides, 

if 

,2
)(

)()( 



 rn

p
+−−  

then the system  
Νnnv


 is not complete, but minimal in ( ),0)(pL . 

And, if    

                              ,)1(2
)(

)()( 



 ++−− rn

p
 

then this system is complete, but not minimal in ( ),0)(pL  .  

In 2.2, an exponential system (2) with a piecewise continuous 

and odd phase ( )t  is considered on   ,− . Using the results of 

Section 2.1, a necessary and sufficient condition for the basicity of 

this system for the spaces ( )( ) ,−pL  is obtained.  

Consider the following exponential system:  

( ) ( )( )  ,...,2,1,sgnexp =− nnnin               (12) 

where ( )  is a piecewise continuous, odd function on  ,,−  i.e. 

( ) ( ) −=− ,   ,− . Let  
1kt  be a set of discontinuity 

points of the first kind of the function ( )  on ( ),0 , and let it have 
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an only limit point ( ),00 t . Assume that the function ( )  has 

finite left and right limits at the point 0t . Moreover, let 

         ( ) ( ) +−−+


=1

00
k

kk tt  .                          (13) 

Assume  

( ) ( )
( )

,,1,
100 _____

=+−
+−−

ik
tp

tt

i

ii




     (14) 

for every integer k . Let 

  
( )

( )
( )







00
02

0
2

1

02
n

p
n

p
+








−+             (15) 

for some integer 0n . Denote by r  the number, after which the 

following conditions hold:  

  
( )

( ) ( )
( )

,00
k

kk

k tq
tt

tp





+−−−                    

_____

,= rk . Renumber the elements of the set  
____

,1, riti = , in an 

ascending order and denote it by    r

r

i ttt ...0, 11
. Define the 

integers 
____

,1, rini = , from the following conditions:  

( )
( ) ( )

( )

____

1 ,1,
1001

ri
tq

nn
tt

tp i

ii
ii

i

=−+
+−−

− −



.  (16) 

          Theorem 4. Let ( )t  be a real, piecewise continuous, odd 

function on  ,,−  and let the conditions (13)-(15) hold with 

respect to the discontinuities of ( )t . The integers 
____

,1, rini = , are 

defined by the conditions (15) and (16). Also let 

( )
( )





 








++−

2

1

2
rn

p
. 

Then, for the exponential system (12) to form a basis for the space 

( )( ) ,−pL , it is sufficient that the inequality 
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( )

( )
( )

( )








1

22

1

2
++−








++− rr n

p
n

p
           

holds. Besides, if  

( )
( )





 








++−

2

1

2
rn

p
, 

then the system (12) is not complete, but minimal in ( )( ) ,−pL . 

And, if  

( )
( )

( )



 1

2
++− rn

p
, 

then this system is complete, but not minimal in ( )( ) ,−pL .  

In 2.3, a perturbed cosine system with a piecewise continuous 

phase is considered. Sufficient conditions on the jumps of the phase 

are found which provide that this system forms a basis for the 

generalized Lebesgue spaces. 

In 2.4, the validity of Riesz theorem on the functions from the 

Hardy class with respect to the arbitrary measurable subset of the 

unit circumference is proved.   
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CONCLUSIONS 

 

    This thesis is dedicated to the study of basis properties of single 

exponential system with complex-valued coefficients, perturbed 

exponential system and cosine system in the Lebesgue spaces with 

variable summability index. 

 The following main results are obtained in this work: 

- homogeneous Riemann problem is considered in the case 

where the coefficient of the problem satisfies some condition on a 

semicircumference and the general solution of this problem is 

constructed;  

- nonhomogeneous Riemann problem is considered in the 

case where the coefficient of the problem and its right-hand side 

satisfy some conditions on a semicircumference and the sufficient 

condition is found which provides the solvability of this problem in 

the Hardy classes with variable summability index; 

- single exponential system (1) with the complex-valued 

coefficients ( ) ( )tbta ,  is considered in the case where the arguments 

( )taarg  and ( )tbarg  may have an infinite number of discontinuity 

points of the first kind on  ,0  and the sufficient and necessary 

condition on the jumps of the function ( ) ( )tbta argarg −  is found 

which provides that this system forms a basis for ( )( ),0pL ; 

- exponential system (2) with a piecewise continuous phase 

( ) , which is odd on   ,−  and may have an infinite number of 

discontinuity points of the first kind, is considered on   ,−  and 

the sufficient condition on the jumps of the function ( )  is found 

which provides that this system forms a basis for ( )( ) ,−pL ; 

 - system of cosines (3) with a piecewise continuous phase 

( )  is considered and, using the results obtained for the exponential 

system (2), the sufficient and necessary condition for the basicity of 

(3) in ( )( ),0pL  is found. 
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