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GENERAL CHARACTERISTICS OF THIS WORK

Rationale of the work. Modern harmonic analysis originates
from classical Fourier series and covers many areas of mathematics
such as approximation theory, potential theory, theory of singular
operators, theory of partial differential equations, abstract harmonic
analysis, etc. When constructing the theory of classical Fourier series,
the main role is played the orthogonality of trigonometric systems.
Along with this, harmonic analyzes generated by non-orthogonal
systems subsequently appeared.

The emergence of such theories is caused by various needs.
Thus, as an example, we can cite the theory of almost-orthogonal (a.0.)
functions, which is used in many areas of mathematics and mechanics,
including when controlling an infinite system of vibrators in control
theory (see, e.g. [*]). It should be noted that the theory of a.o. functions
is closely related to the theory of Riesz bases in Hilbert spaces. As
another example, we can cite the theory of almost periodic (a.p.)
functions, created in 1924-1926 by H. Bohr. Subsequently, Bohr's
theory was significantly developed in the works of famous
mathematicians such as S. Bochner, G. Weil, A. Besikovich, J. Faber,
J. Neumann, V.V. Stepanov, N.N. Bogolyubov and others. This theory
gave a strong impetus to the emergence and development of harmonic
analysis of functions on groups (a.p. functions, series, Fourier integrals
on groups). Subsequently, the theory of a.p. functions developed in
connection with problems of differential equations, stability theory,
dynamic systems, etc.

Another very important example is the theory of frames,
created by Duffin and Schaeffer in 1952 in connection with the study
of some issues of non-harmonic Fourier series with respect to
perturbed systems of exponents. Interest in frames increased after
applications of wavelets were found in various fields of natural science
in the 1980s.

! A.T.ByTKOBCKHH, MeToIb! YIPaBIeHHs CHCTEMaMU ¢ PACIIPENETEHHBIMU
napametrpamu, Mocksa, Hayka, 1975, 568 c.
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Another very important example is the theory of K-frames;
interest increased after the applications of wavelets in various fields of
natural science were found in the 80s of the last century. Wavelets are
widely used in problems of processing and encoding signals, images
of various natures (speech, satellite images, x-rays of internal organs,
etc.), pattern recognition, in studying the properties of the surfaces of
crystals and nanoobjects, and in many other areas.

One of the reasons for the emergence of non-harmonic analysis
is the solution of partial differential equations using the Fourier
method. Since, when solving many equations of mixed or elliptic types
in special domains on the complex plane by the Fourier method,
perturbed trigonometric systems of the form

cosnt+a(t).z, (1)
(N are natural numbers and z, = {0} N ) arise, where «:[0, 7] > C

is some, generally speaking, complex-valued function (C is a
complex plane). Regarding similar problems, one can consider, for
example, the works of S.M. Ponomarev [?], E.l. Moiseev [*] and
others. Naturally, the justification of the Fourier method requires the
study of the basis properties (completeness, minimality, basicity,
Riesz basicity) of the corresponding systems of the form (1) in the
appropriate Banach space of functions.

The dissertation work as a whole is devoted to the above-
formulated direction and issues related to this direction. Therefore, we
believe that the topic of the dissertation is relevant and is of particular
scientific interest.

Let us now give a brief history of the relevant results. The study
of basis properties of systems of type (1) has a rich history. The well-
known mathematicians Runge and Walsh drew attention to the study
of issues related to the approximative properties of such systems back

2 Tlonomapes C.M. K Teopuu KpaeBbIX 3a/1a4 ISl ypaBHEHHUI CMENIAHHOTO THIIA B
TpexmepHbIx obnactsx / JJAH CCCP, 1979, 1.246, Ne6, c. 1303-1304
3 Moucees E.W. O HeKOTOphIX KpaeBhIX 3a/a4ax il ypaBHEHHUI CMEIIaHHOTO
tuna // Iudd. ypaen., 1992, 1.28, Nel, c. 123-132
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in 1930 (regarding these results, one can consider Walsh’s monograph
[*]). Note that establishing the basicity of a system of the form (1) in
Lebesgue spaces of functions L,(0,7), 1< p<-+oo (in the extreme

cases p =1 and p =+o0, the basicity, generally speaking, does not

hold), is generally not trivial. To clarify this statement, consider the
following double analogue of system (1):

{A(tkim ’ B(t)e_ikt }nez+;keN ! (2)

where A(t) and B(t) are complex-valued functions over the interval
[- 7z, z]. As established in the works of B.T. Bilalov [*°] the basis
properties of system (1) in Lp(O, 7z) are proved using similar
properties of system (2) in L, =L (— T, 7;) . Let us denote the closures
ez, ! {e_im }neN in L), 1< p<+oo,by L}
and _ L, respectively. The direct decomposition

of linear span of parts {ei”t}

Lp:L+p+71L‘p,1<p<+oo, (€))
holds. Let T*:L, — L, — be the multiplication operators defined by
the expressions

T f=Af; T f=Bf, VielL,.

Then, under the condition A*;B* L _(~7,7), the question of the
basicity of system (2) in Lp is reduced to the correct solvability of the
following equation

4 Vo Jx. JI. UHTepHonsuys ¥ anmpoKCHMAalus PaluOHAIBLHBIMU (YHKIUIMHU B
KOMILIEKCHOM obnactu. M.:, UJI, 1961

SbunanoB b. T. Cucrema SKCroHeHT co capuroM U 3agada A. I. Koctrouenko //
Cub. mar. xypH. 2009, T. 50, Ne2. C. 279-288

6 Bunamos B.T. Heo6xoanMoe 1 1OCTATOYHOE YCIIOBHE ITOJIHOTHI U
MHUHHUMAJIbHOCTH CUCTEMBI BHIa {A(p” : B(;T"} /I Joxmn. PAH. 1992. T. 322, Ne6. C.

1019-1021
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(TP +TP)f=g, geL, (4)
where P*:L —L,; P :L, —, L are projectors generated by
decomposition (3). The following statement is true.

Statement 1. Let A™;B™ e L. System (2) forms a basis for

Lp , 1< p <+oo, if and only if the problem (4) is correctly solvable
in L.
Further study requires finding conditions regarding the
coefficients A(-) and B(-), under which problem (4) is correctly

solvable in Lp. Problem (4), in turn, due to the identification of

H =L, and ,H =, L (the Hardy classes H, and _,H  will be

defined later) is reduced to solving the Riemann boundary value
problem of the theory of analytic functions in the Hardy classes

H; X4 H; . The first such idea arose in one note by A.V. Bitsadze [']

in 1950. This idea opened the door to the creation of a new method for
studying the basis properties of perturbed trigonometric systems of
functions in Lebesgue spaces. Subsequently, this idea was
successfully used by S.M. Ponomarev when solving a series of mixed-
type equations using the Fourier method.

A peculiar reduction of the question of the completeness of a
perturbed trigonometric system in L ,1<p<-+oo, to the trivial

solvability of the homogeneous Hilbert problem of the theory of
analytic functions in the Hardy classes H; is given in the works of

A.N. Barmenkov and Yu.A. Kazmin. Similar questions were studied
in the work of A.A. Shkalikov [®]. Using the method of boundary value
problems, E.I. Moiseev established a criterion for the basicity of the

" Bunanze A.B. O6 oxnoli cucreme Gpynkuuii / YMH, 1950, 1.5, B. 4(38), c.
150-151
8 [lIkanukos A.A. O6 oaHoli cucteMe QpyHKumii . MatemaTnueckue 3ameTku, 1975,
T. 18, B.6, . 855-860
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system of sines {sin(n+a )t + A},.,, and exponents {g™=somx} i
the space L,(0,7) and L (~,7), 1< p<-oo, respectively, where
a,feR are real parameters. Subsequently, having developed this

method, B.T. Bilalov established a criterion for the basicity of a double
system of exponentials (2) in Lp(—ﬂ, 7r) and a unary system of the

neN

form

fltE bt
in L,(0,7), 1< p<+oo, where a;b:[0,z] — Care complex-valued
functions. Using these results, he also found criteria for completeness
and minimality of double power systems {A(tW"(t), BVV”(t)E:] and
unary power systems {a(t)p"(t)+b(t)z" (t)},, . in Lebesgue spaces
L,(ab), 1< p<+wo (L, (ab)=C[ab]).

In the dissertation work, the above method is generalized to an
abstract case. The direct decomposition of a Banach space in
subspaces and its double basis generated by this decomposition is
considered. The method of boundary value problems is generalized to
the abstract considered case and using this method an abstract
analogue of the classical “1/4-Kadets” theorem on the Riesz basicity
of a perturbed system of exponents is obtained. The boundary value
problem method is applied to the basicity of a perturbed double
system. Some vector-valued Lebesgue classes and Hardy classes are
considered. Some properties of vector-valued functions from these
classes and vector-valued analogues of the Sokhotski-Plemelj
formulas for vector-valued Cauchy type integrals are established.
Vector-valued Riemann boundary value problems are considered and
their solvability is studied. Then this approach is applied to abstract
questions of the basicity of an abstract system of exponents.

One of the issues considered in the dissertation is the space of
coefficients. The term space of coefficients originated in the theory of
bases. Its essence is that each basis generates a corresponding Banach
space from scalar sequences, which is isomorphic to the original space.

7
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Subsequently, in the works of B.T. Bilalov it was shown that every
non-degenerate system in a Banach space (i.e., each member of the
system is non-zero) generates a corresponding Banach space of
coefficients with a canonical basis. The space of coefficients plays an
exceptional role in approximation theory. Classical concepts such as
Bessel, Hilbert systems and Riesz bases, introduced by N.K. Bari, are
defined based on the space of coefficients, where the space of
coefficient is 1, . The fact that an arbitrary non-degenerate system in

B -space generates a corresponding B -space from scalar sequences

was also noted in the monograph Ch. Heil [°]. In the work of B.T.
Bilalov and Z.G. Guseynov [*%;!1] using the concept of the space of
coefficients, all the results of N.K. Bari concerning Bessel-Hilbert
systems and Riesz bases were transferred to the general Banach case
of the space under consideration. The concept of coefficient space
plays a special role in frame theory. Since the concepts of atomic
decomposition and Banach (or Hilbert) frame are defined due to the
space of coefficients from scalar sequences. In the case of a Hilbert
frame, I, is taken as the space of coefficients.

One of the key problems considered in the dissertation is
frames in Banach spaces. Due to numerous applications in various
fields of natural science, frame theory is rapidly developing and
interest in it is growing every day. Monographs and review articles by
various mathematicians are devoted to it. Many results have been
obtained in this direction in the context of the classical Paley—Wiener
theorem on the perturbation of an orthonormal basis. More details
regarding these results can be found in the monographs of O.
Christensen and Ch.Heil.

9 Heil Ch. A Basis Theory Primer. Springer, 2011, 534 p.
1 Bunanos B.T., ['yceiinos 3.T. Kpurepuii 6a3ucHOCTH BO3MYILEHHOM CHCTEMBI
OKCIIOHCHT B ne6er031)1x MPOCTPaHCTBAX C NCPEMCHHBIM ITOKA3aTCIEM
cymmupyemoctd // loknaast Axagemun Hayk, 2011, 1.436, Ne5, ¢.586-589.
11 Bilalov B.T., Guseynov Z.G. Basicity of a system of exponents with a piece-
wise linear phase in variable spaces // Mediterr. J. Math., 2012, vol. 9, no. 3, pp.
487-498
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The dissertation considers an atomic decompositions of
Lebesgue spaces and Hardy classes in degenerate systems of
exponents. The study of the basis properties of degenerate
trigonometric systems originates from the fundamental work of K.I.

Babenko regarding the system {x|aeinX }nez . The works of the authors

B.Muckenhoupt, R.A.Hunt, W.S.Young, E.I.Moiseev, K.S.Kazaryan,
P.l.Lizorkin, B.T.Bilalov, S.S.Pukhov, A.M.Sedletsky et al. are
devoted to the studies of the basis properties of trigonometric systems
in weighted spaces. In all these works, the weight functions satisfy the
well-known Muckenhoupt condition. The question naturally arises: if
the coefficient of degeneracy does not satisfy the Muckenhoupt
condition, then what can be said regarding the basis properties of the
considered system. Apparently, such a case was considered for the first
time in the work of E.S.Golubeva in L,(-z,~) with respect to the

system {xje™} . This direction was developed in the works of

B.T.Bilalov, F.A.Gulieva, S.R.Sadigova, Z.V.Mamedova. They
considered the general weight of the power form in the space
Lp(—ﬂ', 7), 1< p <+oo, relative to systems of sines and exponents.

Significant results in this direction were obtained in the works of
A.Sh.Shukyurov. He considered trigonometric systems with arbitrary
degeneracy and generalized known results to this case.

Another object considered in the dissertation is the issue of
convergence of the Fourier-Stieltjes transform. To this end, the
concept of statistical convergence is first generalized to the continuous
case in different directions, and then this point of view is applied to
the guestion of convergence of the Fourier-Stieltjes transform.

Object and subject of research. Lebesgue spaces of Banach-
valued functions, Banach-valued Hardy classes, abstract analogues of
Riemann boundary value problems, spaces of coefficients of systems
in linear topological spaces, atomic decompositions of Hardy classes,
bases from Faber polynomials in weighted Lebesgue spaces, Riemann
problems in weighted Smirnov classes, continuous analogue of
statistical convergence and its applications to the Fourier - Stieltjes
transforms.
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The goal and objectives of the study. The purpose and
objectives of the dissertation work are to study frame properties
(basicity, atomic decomposition, frameness) of systems of elements
and the acquisition of new methods of summation and convergence in
various linear topological spaces.

General technique of studies. To obtain the main results,
methods of functional analysis, function theory, methods of boundary
value problems of the theory of analytic functions, the theory of series
in Faber polynomials, the theory of singular integral operators, the
theory of bases and frames, and the theory of sets with measure are
used.

Main provisions of dissertation. The following main results
were obtained in this work.

- an abstract generalization of double bases, an abstract

analogue of the well-known " % -Kadets" theorem;

- H,(X) Hardy vector classes and their main properties;

- concept of space of coefficients of systems of elements in
linear topological spaces: sequential and general cases and its
properties;

- basicity of half of degenerate systems of exponents in Hardy
classes when the degeneracies satisfy the Muckenhoupt condition;

- atomic decompositions in degenerate systems of exponents
of Hardy classes when the degeneracies do not satisfy the
Muckenhoupt condition;

- solvability questions of Riemann boundary value problems in
weighted Smirnov classes;

- basicity of systems from Faber polynomials in weighted
Smirnov classes when the weights satisfy the Muckenhoupt condition;

-basicity of a double system from Faber polynomials in
Lebesgue spaces on Lyapunov or Radon curves;

- continuous analogue of the concept of statistical
convergence;

10



- concept of ¢ -strong Cesaro summability, its properties and

applications to Fourier transforms.

Scientific novelty. The following main results were obtained
in this work.

- an abstract generalization of double bases is given and an

abstract analogue of the well-known "%-Kadets" theorem is

obtained;
- based on the abstract space L (X) the Hardy vector classes

H,(X) are determined and their main properties are studied;

- the concept of space of coefficients of systems of elements is
defined in linear topological spaces in two cases - sequential and
general cases, its properties are studied;

-the basicity of half of degenerate systems of exponents in
Hardy classes are proved when the degeneracies satisfy the Mucken-
houpt condition;

- atomic decompositions in degenerate systems of exponents
of Hardy classes are studied when the degeneracies do not satisfy the
Muckenhoupt condition;

-the solvability of Riemann boundary value problems in
weighted Smirnov classes is studied,

- the basicity of systems from Faber polynomials in weighted
Smirnov classes are proved when the weights satisfy the Muckenhoupt
condition;

-conditions for the basicity of a double system from Faber
polynomials in Lebesgue spaces on Lyapunov or Radon curves are
found;

- a continuous analogue of the concept of statistical
convergence is found and the main provisions of this theory are
transferred to this case;

- concept of £ -strong Cesaro summability is introduced, its

properties and applications to Fourier transforms are given;

11



- connections are established between atomic decompositions
of double and unary systems connected with each other by certain
relations in Lebesgue spaces.

Theoretical and practical value of the study. The
dissertation is of a theoretical character. Its results can be used in the
approximation theory, to justify the Fourier method in solving partial
differential equations, in bases and frame theories, in the theory of
summation, in the theory of statistical convergence, in the theory of
Riemann boundary value problems, etc.

Approbation and application. The main results of the
dissertation work were reported: at the General All-Institute Seminar
of the Institute of Mathematics and Mechanics of the Ministry of
Science and Education of Azerbaijan Republic (head of the seminar,
corresponding member of ANAS, Prof. M.J. Mardanov), at the
seminar of the department “Non-harmonic Analysis” of the IMM
(head of the seminar corresponding member of ANAS, Prof. B.T.
Bilalov), International conference “Mathematical analysis, differential
equations and their applications” (2012, Mersin), International
conference on “Actual problems of mathematics and informatics”
(2013, Baku), IV Annual Conference of the Georgian Mathematical
Union (2014, Thilisi and Batumi), International mathematical
conference on “Theory functions “Modern methods of the theory of
boundary value problems” (2017, Ufa). "Pontryagin Readings —
XXIX” (2018, Moscow), Differential equations and related problems.
International Scientific Conference (2018, Sterlitamak), International
Scientific Conference “Modern problems of mathematics and
mechanics” (2019, Moscow), 3rd International Conference on
“Mathematical Advances and Applications” (2020, Istanbul), 4th
International Conference on “Mathematical Advances and
Application”, (2021, Istanbul), etc.

Personal contribution of the author. All results obtained in
the dissertation are the personal contribution of the author.

Publications of the author. The main results of the
dissertation were published in 30 works.

12



The name of the institution where the dissertation was
completed. The work was carried out in the department "Non-
harmonic analysis" of the Institute of Mathematics and Mechanics of
the Ministry of Science and Education of Azerbaijan Republic.

Volume and structure of the dissertation (in signs,
indicating the volume of each structural unit separately). The total
volume of dissertation work is —369139 characters (title page — 372
characters, content — 3432 characters, introduction — 90000
characters, first chapter — 64000 characters, second chapter — 28000
characters, third chapter —52000 characters, fourth chapter —54000
characters, fifth chapter —76000 characters, conclusions —1335
characters). The list of used literature consists of 186 items.

THE CONTENT OF THE DISSERTATION

The dissertation work consists of an introduction, five
chapters, conclusions and a list of references.

The introduction substantiates the relevance of the topic of the
dissertation work, provides a brief history of the issues involved, as
well as a brief content of the dissertation work.

Chapter | considers the direct decomposition of a Banach
space in subspaces and its double basis generated by this
decomposition. The method of boundary value problems is
generalized to the considered abstract case and using this method an

abstract analogue of the classical “ % -Kadets” theorem on the Riesz

basicity of a perturbed system of exponents is obtained. The method
of boundary value problem is applied to the basicity of a perturbed
double system. At the end of the chapter, some vector-valued
Lebesgue and Hardy classes are considered. Some properties of
vector-valued functions from these classes and vector-valued
analogues of the Sokhotski-Plemelj formulas for vector-valued
Cauchy type integrals are established. Vector-valued Riemann
boundary value problems are considered and their solvability is

13



studied. Then this approach is applied to abstract questions of the
basicity of an abstract system of exponents.
Section 1.1 provides the necessary concepts and facts”. Let us

give some standard notation. B -space — Banach space; H -space—
Hilbert space; ||{|, isanormin X (if there are no misunder-standings,

then sometimes we will omit the index); | is an identity operator.
The basicity of the double system is understood in the
following sense.
Definition 1. The double system {x;; X, }neN is said to be basis

for X, if vxe X, EI!{f}neN cC:

n
X=X+ X, -
n=1 n=1
We will also use the following concept.

System {xn}neN c X is called a uniformly-minimal in X, if
36 >0:

L P 2ol vken. @

Section 1.2 proposes one abstract method for establishing the
Riesz basicity of double systems in Hilbert spaces. A concrete case
{ei(mm(t)ggn”)iez is considered, where o < L, — is some measurable
function. In particular, for a(t)=«at the previously known final result
regarding the Riesz basicity of the system {el=ox}  in L, is
obtained. Let us give some of them.

Let B-space X have a direct decomposition

X=X"+X", (6)

by subspaces X *and X~ .Let T* e L(X)be some automorphisms.
It is known that 3Im>0:

X+

+HX*H <m|x|, vxeX. (7

14



inf {m : satisfting (7)} denote by 6(X *; X ) and call it the
direct norm of expansion (6).

The following theorem is true.

Theorem 1. Let B-space X have the decomposition

X =X*+ X7, {¢} , = X* formabasis for X* and (X ;X ") be

n

o\X"; X
{Ll'*x;;T*x;}neN forms a basis for X , where 7= maxﬂAT+

, AT =1 =T%,
Particular cases. Let us take as X the space L,

. . 1
the direct norm of expansion (6). If 7 < ‘(ﬁ then the system

a |

t
o, Where Hp are the usual Hardy classes of

analytic functions inside and outside (vanishing at infinity),
respectively. Let T*f = A*(t)- (t) be the multiplication operator in

L, and G(H;; H;) be the direct norm of expansion L, =H_ +H_.

From Theorem 1 we directly obtain
Corollary 1. Let the inequality

o A O] s A 0] )<

be satisfied. Then the system

{A+ (t)eint ’ A_ (tk_ikt }nzo;kzb (8)

forms a basis for L  isomorphic to {eim}nez , Where HHoo is the

l<p<+4o, X" =H_

ordinary normin L (-7,7).
In particular, for p =2 itis clear that Q(H;; HZ‘):\/E and as

a result we obtain
Corollary 2. Let the inequality

1 0] oA )<

15



be satisfied. Then the system (8) forms a Riesz basis for L,(— z, 7).
Let us consider the particular case  A(t)=e""), B(t)=e "V,
In this case, it is possible to obtain an exact result.

Statement 2. Let || <%. Then the system of exponents

{ei(nt+a(t)sign n)}

.z forms a Riesz basis for L, .

In the case «(t)=«a t, where o €R is a real parameter, we

obtain the previously known final result regarding the basicity of the
(n+asignn)t

system {e' in L.
Section 1.3 considers the vector-valued Lebesgue L (X) and
Hardy classes Hp(x), where X is a Banach space. They are

generalizations of the analogous Lebesgue and Hardy spaces of the
scalar case. For the Hardy class, two definitions are proposed and their
equivalence is proved. Riemann boundary value problems in different
formulations are considered. Under certain conditions, their correct
solvability is proven. The questions of bases from subspaces in Lp(x)

are also considered.
Let X bea B-space. System of subspaces {X;X, |

< X is said to be a basis for X ,if ¥xe X, EI!{xﬁ}

n
X = ixn* +ixn‘ ,
n=1 n=1

Let X be a separable B -space. Denote by L (X) class of

n,keN

+ *.
o X e X

measurable (strongly or weakly, indifferently due to separability of X
) functions ¢:[0,2z] — X and such that

27
Il == JIS0} dt < o0, 1 p < 4o
where ||, isanormin X . With this definition of the norm,, L,(X)
turns into a separable B -space. Functions from L (X), that coincide

16



almost everywhere (according to the Lebesgue measure) are
identified. Denote by L(:f)(X) the subspace of the space L (X)

ikt

generated by functions of the form e*'a, ae X , where ke Zis an

integer. Take f e L (X). Let
2z
f :ijf(t)e-‘“dte X,vkeZ-
27

Consider R, :L,(X)—LY¥(X), kez: B f=e"“f,. Itis easy to see
that
PP, =6,P,, Vi,jeZ,
holds, where 5“~ is the Kronecker symbol. The following theorem is
true.
Theorem 3. The family of projectors {P,} , forms a strong

basis for L (X), i.e.

1= > R eL(X)= Z;LL(;)(X).

Assume
L;(X)={f eL,(X):R,f =0, vn<0}.

L (X) is a subspace of the space L (X). Denote by P, (-) the

Poisson kernel for the circle
P)e— "
' 1-2rcost+r?
The following theorem is true.
Theorem 4. Let X be a separable B -space with separable
dual space X~ and f eL,(X), 1< p <-oo. Then with respect to the

function F(z), defined by the Cauchy type integral expression

F(Z)—ij f(r)dr

27 ° 1-12

ow

17



the Sokhotski-Plemelj formulas
F(c)= i% F(c)+[s](z) . ae. e dw,

holds. Moreover, if f €L (X) then

lim [T, (£))0)- £ @), =0, T.(F)], <M]f[,

holds, where T, =P, is either a Poisson operator

[P.(f)t)=— _[P (t—s)f(s)ds:
or T, =, isaCauchy operator

K, (1)) =2 [HEde

o relt !
r:0<r<1 and M isa constant independent of f .

We define the class L‘p(X) in a similar way:
Lo (X)={f eL,(X):P,f =0, ¥n=0}.

By H(X) (_1H;(X)) we denote the Hardy space defined by the
following relation

H*(X)= {F 3f e Lt (X)= F(2)= ij;(‘f)dg Zea)}

p

(LH:(X)= {F :3f e L, (X) zmjﬁdg ZeC\a)})

Assume
H*°(X)={F e H?(X):F(0)=0},

and let L°(X)=H °(x)/,,. Denote

C:2(X)=1{g: (t)= g(-t)e L;°(X)}.

18



Let us denote by I-];(X) the class of analytic in @ X - valued
functions f , for which

p it
I, =sup [ (")
The following theorem is true.
Theorem 5. Let X be a separable B -space with separable
dual space X". Then the spaces H (X ) and H~;(X) defined above

are isometrically isomorphic.

This chapter considers Riemann boundary value problems in
different formulations. Let's consider one of them.

Conjugation problem with operator coefficient. Let

denote the Banach space of bounded operators acting from Lp(X) to
L,(X), ie. o =L(L,(X)L,(X)). Let ABe=(X)- be some
operators. Take g e L,(X ) and consider the equation

P dt < +o0-

AF*(7)+BF (r)=g(7), a.e. redo, 9)
where F* e L%(X), i.e.apair (F*;F~)e L; (X )x L, (X), is sought for
which relation (9) holds. Direct expansion

L,(X)=L(X)+L,(X), 1< p<+oo, (10)

is valid.

Put 6, = 0, (L*p; L*p). The following theorem is true.

Theorem 6. Let B -space X satisfy all conditions of Theorem
5, operators A and B satisfy the inequality 7(A; B)<(t9;")_1 ,where
n(A;B)=max{|l - A|;|1 —B|}. Then equation (9) has a unique
solution for vg e L,(X), 1< p <+o. Moreover, IM >0:
R Vg e Ly(X),

9
where ng — solutions of equation (9) correspondingto J .
The following theorem is also true.
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Theorem 7. Let all the conditions of Theorem 6 hold. Then the
system of subspaces {AI_(;)(X);BI_(p’k)(X)}n forms a basis for

>0, k=1
Lo(X).

Let's consider the case when X is a H -space with scalar
product (-;-). In this case, L,(X) is also a H - space with scalar
product

(f;g)w)=j(f(t);g(t))dt,Vf,gew). (11)

It is easy to notice that the subspaces L;(X) and Ly(X) are

orthogonal, as a result 6~ =+/2, and it means that the following
corollary is true.

Corollary 3. Let X be a separable H -space and operators
A, B satisfy the condition

7. (A B)=rmax {i - Al -] }<

Then the system {ALO(X ), BLG¥(X)} forms a basis for L,(X)

n>0, k>1’

The second chapter is devoted in general to the concept of the
space of coefficients.

Section 2.1 provides the necessary concepts and facts used in
this chapter. Let us present some of them. By a linear topological space

(X ;T) (abbreviated LTS) we mean a linear space X over afield F (
F=R or F=C) with topology 7, in which linear operations are
continuous and each point in it is a closed set.

Let (X ;r) be some LTS over the field K. We denote the linear
span of a set M X by L[M], and its closure according to the
topology 7z by M.

We will use the following concept.

Definition 2. System  {x,} , <X is said to be non-

degenerate if x,#0 , YneN.
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Section 2.2 is devoted to the study of the topological properties
of the space of coefficients generated by a non-degenerate system in
Hausdorff linear topological spaces. It is proved that an arbitrary non-
degenerate system in sequentially complete linear topological spaces
generates a similar complete linear topological space of coefficients
with a canonical basis. A criterion for the basicity of systems in similar
spaces is given in the term of the coefficient operator.

Let (X;7) be a sequentially complete linear topological space

and {x,} . < X be some non-degenerate system. Put

neN

;7
@

{{4,} _, cF :the series iﬂnxn converges in X}.
n=1

It is obvious that with respect to the usual operations of component-
wise addition and multiplication by a scalar, #% turns into a linear
space. Each neighborhood of zero O, in X generates a corresponding

neighborhood of zero O in -7 :
0, = {I = nfhon € 72 D X, €0, Vme N}.
n=1

The set of neighborhoods O, of zero in -#y generates the

corresponding topology 7, in /..

The following theorem is proved.

Theorem 8. The space “x , generated in it by the topology
7 ., has the following properties: 1) it is sequentially complete; 2)
every one-point set is closed in it; 3) linear operations are sequentially
continuous in it.

We will assume that X isa F -space (i.e. Fréchet space) and
consider the operator T :.%, — X defined by the expression

T2 =A%, 2 ={4} . € %

nn?
n=1
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Operator T : %, — X is called the coefficient operator of the
system {x,} , < X.

In the term of the space of coefficient, the following basis
criterion is valid.

Theorem 9. Let (X;z) be a F-space, {x,} , = X be anon-

neN

degenerate system, V/i;r,ci) be its corresponding space of
coefficients and T: .7, — X be the corresponding coefficient

operator. The system {x,} . forms a basis for X if and only if the

neN
following conditions are met: 1) this system is complete in X ; 2) this
system is @ -linear independent; 3) ImT = ImT .

In 2.3, the concept of the space of coefficients of systems is
defined in linear topological spaces in the general case and similar
results are obtained in these spaces.

Chapter 111 is devoted to atomic decompositions of Lebesgue
spaces and Hardy classes in degenerate systems of exponents. This
chapter considers parts of system of exponents with degenerate
coefficients. The questions of atomic decomposition of Lebesgue
spaces and Hardy classes in these systems are studied. Defect indices
of these systems are calculated.

Section 3.1 provides the necessary concepts and facts that are
used to obtain the results of this chapter.

Definition 3. A sequence {f,},_, = X in H-space X with

scalar product (-;-) is called a frame (or forms a H -frame) if
JA;B>0:

AP <SI(F: 1) <Bl [ e X,
k=1

where |-[=+/(+")

A direct generalization of the concept of a frame in a Hilbert
space to the Banach case is the atomic decomposition. Let us define it.
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Definition 4. Let X bea B-spaceand ./ isa B -space
of sequences of scalars. Let

{fk}keN X ! {gk}keN - X*'
Then, if the following conditions hold, ({gk}keN : {fk}keN ) is

said to be an atomic decomposition of X with respectto ./ :
@) {9(F)jw € 7 Ve X;

(i) 3B > 0: Alf| <[ {g(f

(i) =3 g,(F)f,, VfeX.

Let us pay attention to the fact that in the Hilbert case 1, is

involved as the space .~ and properties (i) and (iii) in Definition 4 are
consequences of property (ii).

Section 3.2 provides the necessary notation, concepts and some
facts from the theory of bases and frames used in this chapter. Parts of
the system of exponents with degenerate coefficients corresponding to
a positive value of index are considered. It is proved that if the
coefficients satisfy the Muckenhoupt condition, then these parts form

bases in the corresponding Hardy classes of analytic functions H :,

The frame property (frameness, atomic decomposition) of the part
corresponding to the positive value of index is studied when the
coefficient, generally speaking, does not satisfy the Muckenhoupt
condition.

The restrictions of the classes H) and  H_ to the unit circle

<B|f|,, vfexX;

7

Ow denote by L} and L, respectively.

Basicity. Let us consider the system E®)(p)= {,o(t)eint }nzk . We
will assume that the degenerate coefficient ,© has a power form

o0- 6 - TTE )
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where {, } < (—7, z]\{0}— are different points and {¢, } cR. We
will assume throughout that the weight function p(-) is periodically
(with period 2 ) extended to the entire real axis R.
Let .o, denote the class of weights v(t), satisfying the
Muckenhoupt condition
p-1
1
sup (ﬁjv(t)dt](ﬁ [l = dtj <+,
|C[—7Z',7T] | I

where SUP is taken over all intervals I = R and is the Lebesgue

1
measure of |. Note that the expression |p| P € &/, is true if and only
if the following inequalities

—£<ak<l—£, k=0,r, (12)
p p
holds.

The following theorem is true.

Theorem 10. Let inequalities (12) be satisfied. Then the system

EEO)(,O) forms a basis for L, 1< p <+o.

1
Defect case. We will consider the case when ‘ p‘? ¢ 7, . Let
the inequalities

1—33040 <2—1 , —£<05k <1—1, k=1r,
p P P
hold.
The following theorem is true.
Theorem 11. Let the inequalities

1 1 1 1 —
m-—<g,<m+—, ——<a,<—, k=1r.
p qa P q
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hold. Then the system EEO)(p) has a defect equal to m in L+p.

Moreover, the system Eik)(p) is complete and minimal in L+p, but is

not uniformly minimal in it, and therefore does not form a basis.

The following theorem is also proved.
Theorem 12. The system Ef’)(p) is an atomic decomposition
in L+p, 1< p<+oo, if and only if the degenerate coefficient o

satisfies Muckenhoupt's condition (12).

In 3.3 it is considered another part of the system of exponents
with a degenerate coefficient. Frame properties (such as completeness,
minimality, basicity, atomic decomposability) of this system in the

Hardy classes _, H , are studied in the case where the coefficient may

not satisfy the Muckenhoupt condition.
Basicity. Let EX)(p)={p(t)e*™}., . Completely similar to the

previous section, the following theorem is proved:
Theorem 13. Let the inequalities

_£<ak <1_l’k:m’

p
be satisfied. If ZL:Oak <1, then the system Efl)(p) forms a basis

for _1L_p, 1< p < +oo.

The following theorem is also true:
Theorem 14. Let the inequalities

a, >—£, —1<ak <1—1, k=1r,
p

be satisfied. Then the system E®(p) is complete and minimal in
spanE"(p). Moreover, this system is an atomic decomposition of
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span(E®(p)) with respect to the space of coefficients /C ) if and only

if —£<ao <1—1.
Y Y
Chapter 1V is devoted to the study of bases for systems from
generalized Faber polynomials in weighted Smirnov and Lebesgue
spaces. Section 4.1 provides some necessary information regarding
generalized Faber polynomials.
Let us give the definition of the generalized p -Faber

polynomials F; and F_ . Let D be a bounded region with the

boundary I and the simple-connected complement D™ =C\D (
D —is the closure of D). Let w = ¢(z) be a single-valued conformal
mapping  the  domain D~ on C\0(0)=0;(0)

p(0)=00, p'(0)=y>0. ¢(z) has a Laurent expansion in the
neighborhood of the point zZ =

¢(Z)=}/Z+7/O +)/12’1+....

Let us take a single-valued branch of the function &/¢'(z) so that
?/¢'(c0) > 0. The main part of the Laurent expansion of the function

[o(2)]" ¥/¢(2) in the neighborhood of the point z = by Foo.ie.

[o@)] Yo' (2)=F,,(2)+E;,(2) zeD",
where E; (oo): 0.

The P - Faber polynomial F_ s defined in a similar way.

p,n

As usual, by L (7;@) we denote the weighted Lebesgue

space of functions with norm ||

1| JIET 0 da}l
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Let A(E)=|AE)e?), B(&)=|B(£)e” be complex-valued

functions defined on the curve 1. We will assume that the following
basic conditions hold.

) |A7 B e L(r);

ii) a(&), p(&)— are piecewise continuouson /" and let
{ék k=1r }c ["—be discontinuity points of the function
(&)= B(£) - aS)-

Regarding the curve I, we require the following condition to
be satisfied.

iii) Either I'— is a piecewise Lyapunov or Radon curve
(i.e. is a curve with bounded rotation with no cusps. As the direction

over I we accept the positive direction, i.e. the direction when
moving in it the domain D remains on the left. Let a € I" be the initial
(also the end) point of the curve /°. We will assume that &e I
follows the point 7 € [, i.e. z < &, if ¢ comes after I when moving
in the positive directionon 77\ a, where a € I" are two stuck together

points 8 =@ , @ —is the beginning, & —is the end of the curve

I
The class of curves satisfying condition iii) is denoted by %%

So, without loss of generality, we will assume that

at <& <..<& <b=a". The one-sided limits glir;ﬂmg(é) of the
sl

function g(£) generated by this order at the point &, € I" will be
denoted by g(§0 J_rO), respectively. We denote jumps of the function
o(¢) atpoints & .k =1r,by h:h =0(& +0)-0(5 -0), k=Lr.

Regarding the jump, we will assume that the following condition is
satisfied:

27



iv) {hk—%”:k:ﬂ}m:@, where h, =6(a+0)-6(a-0),

p € (1,400)— is some number.

Let D* < C - be a bounded domain with boundary T'=6D",
with respect to which condition i) holds. Let Ep(D*),1< p <oo denote

the Banach Smirnov space of analytic functions in D™ with norm
Ile, o
f +

[l o) =17,y ¥F < B0 (D7), (13)

where f*=f/.— is nontangential boundary values of the function
f onT.

Based on norm (13), the weighted Smirnov class is defined.
Let pe L () be some weight function. Let us define the weighted

Smirnov class Ep'p(D+):

Ep,p(D+)E{f cE (D)t s +oo} ,
and put
+
LI Ll
The Smirnov classes in an unbounded domain are defined in a
similar way.

In 4.2, the homogeneous Riemann problem of the theory of
analytic functions in weighted Smirnov classes is considered and,
under certain conditions on the weight function, on the coefficient of
the problem and on the boundary of the domain, a general solution to
this problem is constructed

Consider the following homogeneous Riemann problem in

weighted classes Epyp(D+)>< E (D‘):

m =p.p

A(E)F*(£)+B(£)F (£)=0,ae. eer. (14)
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Under the solution of the problem (14) is understood as a pair of
analytical functions (F*;F")e E, ,(D")x, E,,(D") whose non-

tangent boundary values F* (&) ae. on T satisfy equality (14). In

the weightless case, this problem has been well studied and its theory
is covered in the monograph by I.1. Danilyuk.

Let S —be the length of the curve T" and Z =Z(S),O£S£S,

be a parametric representation of I" with respect to the length of the
arc S. Put

Q(s)=6(z(s)),0<s<S,
and let h =2(s,+0)-2(s,—0), k=1r;h=0(+0)-Q(S-0).
Let us consider piecewise holomorphic functions

Z(2) eXp{ j in|D(s) OIZ(S)}

= dz(s)
Z(z exp{ IQ( )z(s)—z}'
We denote the product of these functions by Z,,

Zo(2)=2(2)2(2).

Z,,(-) will be called the canonical solution of the homogeneous
problem (14), corresponding to the argument Q(-).

The following theorem is true.
Theorem 15. Let conditions i)-iii) be satisfied with respect to

the complex-valued functions A(cf), B(.f) and the curve I". Let us
assume that the conditions
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X <1, k=0,r;

p,; p, € (L+oo):
S

[ o™ pP (2(s))ds < +eo, ia > (S)Pi%pz (z(s))ds <+, (15)

0

are satisfied with respect to the jumps {hk} and the weight function

p(cf). Then the general solution of the homogeneous problem (14) in
the classes E, ,(D")x, E, ,(D") has the form

F(2)=2.(2)P.(2), (16)
where z,() is a canonical solution, and P,(z) is an arbitrary

polynomial of degree kK < m.
Let us consider some special cases regarding the weight
function po.

Example 1. Let the weight p() have the following power form

=li|s—tk|a“ , 17)
where {t,}." =(0,S)—are different points, {z } =R are some
numbers. We denote the union of the sets {s,}; and {t} by
(o) {n = {s )t Uit ). Let z,(-) be the characteristic function of
the set A. We denote the single-point sets of {fk},k:ﬂ by
T, T, ={z.} ,k=11. Assume

Zh.;(T +Za,;{T =11 . (@18)

Let us assume that the mequalltles

30



—1</3k<§, k=11, (19)

are satisfied. It is easy to show that when inequalities (19) are satisfied,
relations (15) hold and, as a result, Theorem 15 is valid.

In 4.3 we consider a nonhomogeneous problem with a right-
hand side from the weighted Lebesgue space and study its solvability
in weighted Smirnov classes under the same assumptions.

Power weight. Consider the non-homogeneous Riemann
boundary value problem

F(z(s))-D(s)F(z(s))=9(z(s)).5€(0.S), (20)
where € Lp’p (F)— is a given function. By the solution to problem
(20) is understood as a pair of functions

(F*(2):F (2)<E,, (D)%, E, . (D).
whose boundary values F* on T are a.e. satisfy relation (20).
The following theorem is true.

Theorem 16. Let the complex-valued functions A(¢),B(¢)
and the curve I satisfy conditions i)-iii). Let us take a weight o of

the form (17), and determine the numbers {ﬁk}'1 using expressions
(18). Let inequalities (19) be satisfied and

Q, <ﬂ,k:1,_m ,
P
holds. Then the general solution to problem (20) in classes

Ep'p(D+)><m Epyp(D‘) has the form

F(2)=FR(2)+R()
where F,(z) is the general solution of the corresponding

homogeneous problem, Fl(z) is expressed by the formula
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F(2)= ZQ(Z)J‘ g(£)ds 1
ST 2 1 27(Ee-2)
in which ZQ(Z) is the canonical solution and m>0 is an integer.

General weight. The nonhomogeneous Riemann problem of
the theory of analytic functions with a piecewise Holder coefficient in
weighted Smirnov classes with a common weight is considered.
Sufficient conditions are found for the coefficient of the problem and
for the weight function so that the considered Cauchy-type integral is
a particular solution to this problem.

In 4.4, the obtained results are applied to establishing the
basicity of double systems from generalized Faber polynomials in
weighted Lebesgue spaces. This section establishes the basicity of
generalized Faber polynomials in weighted Smirnov spaces when the
weight and boundary values of the conformally mapping function
belong to certain Muckenhoupt classes.

Let o:T — R, — be some weight function and

¢:D” = 0;(0): p(0) =0, /() =y >0,
and
y:D” —)Ol’(O):t//(O)zoo,Iirr(I) 2y(z)=a>0,
are conformal mappings of the domains D™ =extI’ and D" =int

onto the exterior of the unit circle O; (0). Let us denote by z =g, (w)
(w_,(w)) the function inverse to w=¢(z) (w=y/(z)). Suppose

p.(W)=plo W] p_(W)= ply_,(W)], Wedw. (21)

The following theorem is proved.

Theorem 17. Let [ be a regular curve and Oeint /. If
p.()eA(0w), p()eA ), 1<p<+owo, then systems from
generalized P -Faber polynomials form bases for the weighted
Smirnov spaces Ep,p(D+) and 71Ep'p(D‘), respectively.

Consider a double system from P -Faber polynomials
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AR, (©)BEF ()], (22)
with complex-valued coefficients A(-) and B(-).

The following theorem is also true.

Theorem 18. Let the curve [ belong to the class ~ 7,
Oeint I", the functions A(-), B(-) satisfy the conditions i)-iii) and
p:T — R, —isaweight functions. Let the weight functions o, (-) on
be O defined by expressions (21). If conditions (15) and

p.()e A Gw). pl()e A,(T), 1< p<-+oo,
are satisfied with respect to the weights p(-) and p,(-), then the
double system of generalized P -Faber polynomials (22) forms a
basis for L, ("), 1< p <-+oo.
Let

Fro(é)nez,,

and consider the system

{elaarg§5|gnn prn (é;)}nez ’ (23)
where @ €R—is a real parameter. From Theorem 18 it directly
follows

Corollary 4. Let the curve I’ belongs to the class ~7;
Oeint /™ and the weight functions p(-); p. (-) satisfy all conditions

of Theorem 18. If the inequalities
——<a< 1 ,
29 2p

are valid, then the system (23) forms a basis for L. (7).
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Chapter V is devoted to some related issues in the theory of
statistical convergence and approximation in Lebesgue spaces of
functions.

Section 5.1 considers measurable space with a measure on the
real axis. The concept of g« -statistical limit of a measurable function

at a point is introduced. The corresponding concept of statistical
fundamentality at a point is also introduced and their equivalence is
proved. This concept generalizes the similar concept of statistical
convergence of a sequence.

It should be noted that the concept of statistical convergence
was introduced by Hardy and Littlewood in connection with the point
convergence of Fourier series, more precisely in connection with the
Luzin hypothesis, and it was called almost convergence. In this regard,
one can see, for example, the monograph [*?].

M - statistical convergence. Let Z be O -algebra of Borel
subsets of segment E =[a,+ ) and (#;u) be a measurable space

with O -finite measure : (E)=+oo . Consider a & -measurable

function f :E — R. The measure of a set € €.Z will be denoted by \e\

i [e|=u(e). Let M €% be some set
Definition 5. We will say that the point « is a point of £/ -
statistical ( £ -stat) density for the set M , if

ML B
1|Ln Iizl,where | =[a,X].

Let & >0 —be an arbitrary number and assume

Al ={xeE:[f(x)- A>g},

where AeR —is come number.

12 A.3urmyna. Tpuronomerprueckue psaasl. Mocksa, T. 2, 1965
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Definition 6. We will say that f hasa t -st (£ -statistical)
limit A at infinity, if

AN,
lim

X—>0 |I>(|

=0, Ve>0,

and we will denote this limit as z¢-stlim f(x)=A.
X—00
4 -measurable functions having # -stlim at infinity form a

linear space, and we denote this space by % . The set of all subsets
E for which infinity is the « -stat density point will be denoted by
Es.
M -statistical fundamentality. Let us define the concept of
M -statistical fundamentality at infinity.
Definition 7. We will say that the function f : E - R is x4 -stat
fundamental at infinity if for Ve >0, 3x, € E:

X,y
lim——==0,

X—00 |X|

where X, ={xeE:|f(x)-f(x,)>e}.
Let us also accept the following
Definition 8. Functions f;g:E — R will be called £ -stat

equivalent at infinity if E, ; € EZ where E,  ={xeE:f(x)=g(x)},

and we denote this by f z g.

The following theorem is true.

Theorem 19. Let x(E)=+wo. Then for a -/ - measurable
function f:E — R the following properties are equivalent:

a) 3ge-stlim f(x);
b) f is u -stat fundamental at infinity;
V) 3g: f~g and 3lim g(x).
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Based on this concept, the concept of 4 -stat continuity at a
point X, is defined and the facts related to this concept are established.
In 5.2 the concept of 4 -strongly Cesaro summability for

locally integrable functions at infinity is introduced. The concept of
M —statistical convergence at infinity is also considered and the

relationships between these concepts are established. This approach is
applied to the study of the convergence of the Fourier-Stieltjes
transform.

Let (I;7;u) be a measurable space, |=[a,+), where
p: 7 —R, — o -finite measure on 1. By L (u) 0< p<+w, as
usual we will denote the space of measurable (in the sense (@; ,u))
functions f : 1 > R, for which ||f||p < +00, Where

_ﬂf(t]pd,u(t) ,  O<p<y,

I, = :
[_ﬂf(t]pd,uJ , 1l<p<+w
|
Assume |, = [a, x], VX 2= a. Let us accept the following

Definition 9. Let |f|”, 0< p <+, be a locally integrable
function on [a,+). We will say that a function f hasa u[p]-strong
Cesaro limit at infinity, equal to the number A, if

lim 71|—)j|f(t)—p4pdy=o_
xJ 1,
This limit will be denoted by

wp]-lim f(x)= A,

It is easy to see that this limiting operation is linear.
It should be noted that in the discrete case P -Cesaro

summability takes the form
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lim —Z\x —¢&"=0,0< p<+o,
e n+1
The following theorem is the L -analog of the discrete case

Theorem 20. i) Let the function f  u[p]- Cesaro converge

to anumber A for some p e (0,4+c0), at infinity. Then3 z-st lim f(x)
X—>0
pe-stlim £(x)=A; ii) If 3 g-stlim f = A and f is z-a.e. bounded,
X—»00 X—>0
then 3 z[p]-lim f(x) and this limit is equal to A.
X—»00

Section 5.3 suggests one method to form frames. Namely,
double and unary systems of functions are considered, interconnected
by certain relationships. These relations to some extent generalize
similar relations that occur between systems of exponents, sines and

cosines. Connections are established between atomic decompositions
of double and unary systems in Lebesgue spaces.

Let us denote the sequence ¥ =1{y,} _, by ¥ . Let L,(a,b) be
the usual Lebesgue space of functions on (a,b) with norm
1
p

1], = (ﬂ : (tydt]

Throughout what follows we will assume that gq—is conjugate of p:

neN

We will consider unary systems of the form

X t)=¢,t)xw,t), neN
where ¢,;v, :[O,a]—>C— are complex-valued functions. Using the
functions ¢, and y, we will define a new system on the segment

[-a,a]. Then we will establish connections between atomic
decompositions and the frameness of these systems.
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n(t),te[O, a],
‘Dn(t)E{Zjn(_ t),te[-a,0),
and assume ¥ (t)=@,(-t), vte[-a,a).

Let {9} L, (0,a)—be some system. In a similar way we define

and assume
nO=2 [0 0] ve-aa).

It is easy to see that the following relations hold:

h(=t)=h (t). h (-t)=h (1), Vte(-aa) |
which we will use to obtain the main results.
We will consider a double system {CTD‘?} and establish
connections between the frame properties of this system and unary
systems {Xi} in Lebesgue spaces L .

Assume that ((ﬁ*;ﬁ*)(ci; \i’)) is an atomic decomposition of
L,(—a,a) with respect to /. Assume

5:0)=2; ©)h, ©Oxh; (-0+h (1) @)

The following theorem is true.
Theorem 21. Let ((ﬁﬂﬁ‘);(cf);‘i’)) be an atomic
decomposition of L _(—a,a) with respect to . Then the system $*
is . -Bessel system in L (0,a) and an arbitrary function from

L,(0,a) is expanded in terms of the pair (gi;ii), where 9° is
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determined by expression (24). Moreover, if the relations
he(f)=9(f")+9(f), YneNhold, then the pair (éi;ii) is an
atomic decomposition of L (0,a) with respectto .

The author expresses deep gratitude to his scientific consultant,
corresponding member of NAS of Azerbaijan, Professor B.T. Bilalov
for valuable advice, constant attention to the work and providing
comprehensive support during the completion of the dissertation work.
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CONCLUSIONS

The dissertation work is devoted to the study of frame
properties (basis properties, an atomic decomposition, frameness) of
systems of elements and the acquisition of new methods of summation
and convergence in various linear topological spaces. The
following main results are obtained in the dissertation work.

The following main results are obtained in the dissertation
work.

1. an abstract generalization of double bases is given and an

abstract analogue of the well-known "%-Kadets" theorem is

obtained,;
2. based on the abstract space L,(X) the Hardy vector classes

H p(x) are determined and their main properties are studied,

3. the concept of space of coefficients of systems of elements
is defined in linear topological spaces in two cases - sequential and
general cases, its properties are studied;

4. the basicity of half of degenerate systems of exponents in
Hardy classes are proved when the degeneracies satisfy the
Muckenhoupt condition;

5. atomic decompositions in degenerate systems of exponents
of Hardy classes are studied when the degeneracies do not satisfy the
Muckenhoupt condition;

6. the solvability of Riemann boundary value problems in
weighted Smirnov classes is studied,;

7. the basicity of systems from Faber polynomials in weighted
Smirnov classes are proved when the weights satisfy the Muckenhoupt
condition;

8. conditions for the basicity of a double system from Faber
polynomials in Lebesgue spaces on Lyapunov or Radon curves are
found;
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9. a continuous analogue of the concept of statistical
convergence is found and the main provisions of this theory are
transferred to this case;

10. concept of g -strong Cesaro summability is introduced,

its properties and applications to Fourier transforms are given;

11.connections are established between atomic
decompositions of double and unary systems connected with each
other by certain relations in Lebesgue spaces.
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